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2. Newton and Cubic Newton 
3. Regularized Newton 
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5. Crazy result on 3rd derivatives



Problem
<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

Convex and has 
Lipschitz Hessian



Problem
<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="+DC8XbZr6BH6vZRBVYJ31X5zQUI=">AAACBXicbVC7TsNAEDyHVwgvAyUUJyKk0ER2QEAZQUMZJPKQYhOdL+fklPPZ3AMRWWlo+BUaChCi5R/o+BsuiQtIGGml0cyudneChFGpHOfbyi0sLi2v5FcLa+sbm1v29k5DxlpgUscxi0UrQJIwykldUcVIKxEERQEjzWBwOfab90RIGvMbNUyIH6EepyHFSBmpY+97HAUM3VZgWHo4gp7UGGMt2JDcQadjF52yMwGcJ25GiiBDrWN/ed0Y64hwhRmSsu06ifJTJBTFjIwKnpYkQXiAeqRtKEcRkX46+WIED43ShWEsTHEFJ+rviRRFUg6jwHRGSPXlrDcW//PaWoXnfkp5ohXheLoo1AyqGI4jgV0qCFZsaAjCgppbIe4jgbAywRVMCO7sy/OkUSm7p+Xj65Ni9SKLIw/2wAEoARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4A0aiXgw==</latexit>

r2f(x) < 0



Problem
<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="pUsZ6B8C6bGo9E1NBkdYogrDL74=">AAACF3icbVDLTgIxFO3gC/GFunTTSExgAZlBoy6JblhiIo+EGUmndKCh05m0HcNk4C/c+CtuXGiMW935N5bHAsGT3OT0nHvTe48bMiqVaf4YqbX1jc2t9HZmZ3dv/yB7eNSQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju4nfjNRyIkDfi9ikPi+KjHqUcxUlrqZEv2yObIZeihDL38sACLcOEdF7TNCCxX7dGwGNujTjZnlswp4Cqx5iQH5qh1st92N8CRT7jCDEnZtsxQOQkSimJGxhk7kiREeIB6pK0pRz6RTjK9awzPtNKFXiB0cQWn6uJEgnwpY9/VnT5SfbnsTcT/vHakvGsnoTyMFOF49pEXMagCOAkJdqkgWLFYE4QF1btC3EcCYaWjzOgQrOWTV0mjXLIuS+d3F7nKzTyONDgBpyAPLHAFKqAKaqAOMHgCL+ANvBvPxqvxYXzOWlPGfOYY/IHx9Qt5WJ2k</latexit>

kr2
f(x)�r2

f(y)k  2Hkx� yk

<latexit sha1_base64="+DC8XbZr6BH6vZRBVYJ31X5zQUI=">AAACBXicbVC7TsNAEDyHVwgvAyUUJyKk0ER2QEAZQUMZJPKQYhOdL+fklPPZ3AMRWWlo+BUaChCi5R/o+BsuiQtIGGml0cyudneChFGpHOfbyi0sLi2v5FcLa+sbm1v29k5DxlpgUscxi0UrQJIwykldUcVIKxEERQEjzWBwOfab90RIGvMbNUyIH6EepyHFSBmpY+97HAUM3VZgWHo4gp7UGGMt2JDcQadjF52yMwGcJ25GiiBDrWN/ed0Y64hwhRmSsu06ifJTJBTFjIwKnpYkQXiAeqRtKEcRkX46+WIED43ShWEsTHEFJ+rviRRFUg6jwHRGSPXlrDcW//PaWoXnfkp5ohXheLoo1AyqGI4jgV0qCFZsaAjCgppbIe4jgbAywRVMCO7sy/OkUSm7p+Xj65Ni9SKLIw/2wAEoARecgSq4AjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4A0aiXgw==</latexit>

r2f(x) < 0

Some constant



Overview of methods
<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="JoY134+OQDbqQDnbHLJwpXa6TCU="></latexit>

GD: f(x) ⇡ f(xk) + hrf(xk), x� xki



<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="JoY134+OQDbqQDnbHLJwpXa6TCU="></latexit>

GD: f(x) ⇡ f(xk) + hrf(xk), x� xki
<latexit sha1_base64="as7SerledRI3L7MPzZ+KQU18WZI="></latexit>

O
�
1
k

�
rate (without acceleration)

Overview of methods



<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="JoY134+OQDbqQDnbHLJwpXa6TCU="></latexit>

GD: f(x) ⇡ f(xk) + hrf(xk), x� xki

<latexit sha1_base64="mGxNkewRHTiuoTwmxmZEqMF+NP8="></latexit>

Newton: f(x) ⇡ f(xk) + hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2

<latexit sha1_base64="as7SerledRI3L7MPzZ+KQU18WZI="></latexit>

O
�
1
k

�
rate (without acceleration)

Overview of methods



<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="JoY134+OQDbqQDnbHLJwpXa6TCU="></latexit>

GD: f(x) ⇡ f(xk) + hrf(xk), x� xki

<latexit sha1_base64="mGxNkewRHTiuoTwmxmZEqMF+NP8="></latexit>

Newton: f(x) ⇡ f(xk) + hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2

<latexit sha1_base64="as7SerledRI3L7MPzZ+KQU18WZI="></latexit>

O
�
1
k

�
rate (without acceleration)

<latexit sha1_base64="y1XusvdvvV7OlqiDMa+J72OFvyo="></latexit>

O
�

1
k2

�
rate (global)

Overview of methods



<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="JoY134+OQDbqQDnbHLJwpXa6TCU="></latexit>

GD: f(x) ⇡ f(xk) + hrf(xk), x� xki

<latexit sha1_base64="mGxNkewRHTiuoTwmxmZEqMF+NP8="></latexit>

Newton: f(x) ⇡ f(xk) + hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2

<latexit sha1_base64="3fRxwhqf2XlZZ3kpUTB9li5CJQ8="></latexit>

Tensor: f(x) ⇡ f(xk) + hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2

+
1

6
r3f(xk)[x� xk]3

<latexit sha1_base64="as7SerledRI3L7MPzZ+KQU18WZI="></latexit>

O
�
1
k

�
rate (without acceleration)

<latexit sha1_base64="y1XusvdvvV7OlqiDMa+J72OFvyo="></latexit>

O
�

1
k2

�
rate (global)

Overview of methods



<latexit sha1_base64="DYJTa2JaeTRO5VM6za++3QXIZKw=">AAACBnicbVDLSgMxFM3UV62vqksRgkWomzKjoi6LblxWsQ/o1JLJZNrQJDMkGWkZZuXGX3HjQhG3foM7/8a0nYW2HrhwOOde7r3HixhV2ra/rdzC4tLySn61sLa+sblV3N5pqDCWmNRxyELZ8pAijApS11Qz0ookQdxjpOkNrsZ+84FIRUNxp0cR6XDUEzSgGGkjdYv7LqeimwxdKqDLke57XnKb3vspDMrDo26xZFfsCeA8cTJSAhlq3eKX64c45kRozJBSbceOdCdBUlPMSFpwY0UihAeoR9qGCsSJ6iSTN1J4aBQfBqE0JTScqL8nEsSVGnHPdI4vVbPeWPzPa8c6uOgkVESxJgJPFwUxgzqE40ygTyXBmo0MQVhScyvEfSQR1ia5ggnBmX15njSOK85Z5eTmtFS9zOLIgz1wAMrAAeegCq5BDdQBBo/gGbyCN+vJerHerY9pa87KZnbBH1ifP99zmLw=</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="JoY134+OQDbqQDnbHLJwpXa6TCU="></latexit>

GD: f(x) ⇡ f(xk) + hrf(xk), x� xki

<latexit sha1_base64="mGxNkewRHTiuoTwmxmZEqMF+NP8="></latexit>

Newton: f(x) ⇡ f(xk) + hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2

<latexit sha1_base64="3fRxwhqf2XlZZ3kpUTB9li5CJQ8="></latexit>

Tensor: f(x) ⇡ f(xk) + hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2

+
1

6
r3f(xk)[x� xk]3

<latexit sha1_base64="as7SerledRI3L7MPzZ+KQU18WZI="></latexit>

O
�
1
k

�
rate (without acceleration)

<latexit sha1_base64="lUycu3xpeQJsx4pphKHiVGP2ZJY=">AAACFXicbVDLSsNAFJ34tr6qLt0MtkIFKYmKuhTduFPBVqGJZTK9aYdOHszcCCXkJ9z4K25cKOJWcOffOK1ZaPXAwOGce7lzjp9IodG2P62Jyanpmdm5+dLC4tLySnl1ranjVHFo8FjG6sZnGqSIoIECJdwkCljoS7j2+6dD//oOlBZxdIWDBLyQdSMRCM7QSO3yTtUNGfY4k9l57koIsOYGivHMybP+7V7uKtHt4XaVKobQLlfsuj0C/UucglRIgYt2+cPtxDwNIUIumdYtx07Qy5hCwSXkJTfVkDDeZ11oGRqxELSXjVLldMsoHRrEyrwI6Uj9uZGxUOtB6JvJYQQ97g3F/7xWisGRl4koSREi/n0oSCXFmA4roh2hgKMcGMK4EuavlPeYKQVNkSVTgjMe+S9p7tadg/r+5W7l+KSoY45skE1SIw45JMfkjFyQBuHknjySZ/JiPVhP1qv19j06YRU76+QXrPcvRkue4g==</latexit>

O
�

1
k3

�
rate

<latexit sha1_base64="y1XusvdvvV7OlqiDMa+J72OFvyo="></latexit>

O
�

1
k2

�
rate (global)

Overview of methods



Talk structure

1. Overview of methods 
2. Newton and Cubic Newton 
3. Regularized Newton 
4. Experiments 
5. Crazy result on 3rd derivatives



<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

Newton’s method



<latexit sha1_base64="/uGqkHojyRuCTugGmGKFJStoUJs="></latexit>

f(x) ⇡ f(xk) + hrf(xk), x� xki

+
1

2
hr2f(xk)(x� xk), x� xki

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

2nd-order Taylor approximation

Newton’s method



Newton’s method

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

<latexit sha1_base64="wAp7n5zNFkC0lKi9cw2jShypqYY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUTdC1Y3LCvYBTSiTyaQdOnkwcyPUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHC8RXIFlfRulpeWV1bXyemVjc2t7x9zda6s4lZS1aCxi2fWIYoJHrAUcBOsmkpHQE6zjjW5yv/PApOJxdA/jhLkhGUQ84JSAlvrmgRMSGHpBdjVxfCaA4Evs9c2qVbOmwIvELkgVFWj2zS/Hj2kasgioIEr1bCsBNyMSOBVsUnFSxRJCR2TAeppGJGTKzabpJ/hYKz4OYqlfBHiq/t7ISKjUOPT0ZJ5VzXu5+J/XSyG4cDMeJSmwiM4OBanAEOO8CuxzySiIsSaESq6zYjokklDQhVV0Cfb8lxdJ+7Rmn9Xqd/Vq47qoo4wO0RE6QTY6Rw10i5qohSh6RM/oFb0ZT8aL8W58zEZLRrGzj/7A+PwBxIaUyA==</latexit>

A� = bIn practice, solve
with

<latexit sha1_base64="JXOsQSppKjFqhcx8atpQoNhK8j0=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VQ0JJIfWwEHxuXClYLTSw3k0kdOpnEmYlYQr/Ejb/ixoUigiv9G6dtFlo9MHA4517unOMnnClt219WYWx8YnKqOF2amZ2bXygvLl2qOJWE1knMY9nwQVHOBK1rpjltJJJC5HN65XdO+v7VHZWKxeJCdxPqRdAWLGQEtJFa5R03An3jh9lRDx9gV4DP4Xobh+v3152NTfc2hQD7xtkaWrnRKlfsqj0A/kucnFRQjrNW+cMNYpJGVGjCQammYyfay0BqRjjtldxU0QRIB9q0aaiAiCovG8Tr4TWjBDiMpXlC44H6cyODSKlu5JvJfhg16vXF/7xmqsN9L2MiSTUVZHgoTDnWMe53hQMmKdG8awgQycxfMbkBCUSbRkumBGc08l9yuV11dqu181rl8Divo4hW0CpaRw7aQ4foFJ2hOiLoAT2hF/RqPVrP1pv1PhwtWPnOMvoF6/MbVSGgHQ==</latexit>

A = r2f(xk), b = �rf(xk)
<latexit sha1_base64="tI8GyabwE2uL6LBIQKXNVq2w7Hs=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAIQiDsSlAvQtCLxwjmAckmzM72JkNmH8zMSsKag7/ixYMiXv0Nb/6Nk2QPmljQUFR1093lxpxJZVnfxtLyyuraem4jv7m1vbNr7u3XZZQICjUa8Ug0XSKBsxBqiikOzVgACVwODXdwM/EbDyAki8J7NYrBCUgvZD6jRGmpax4OO+mgaI/xFR52BriI2x5wRbpmwSpZU+BFYmekgDJUu+ZX24toEkCoKCdStmwrVk5KhGKUwzjfTiTEhA5ID1qahiQA6aTT+8f4RCse9iOhK1R4qv6eSEkg5ShwdWdAVF/OexPxP6+VKP/SSVkYJwpCOlvkJxyrCE/CwB4TQBUfaUKoYPpWTPtEEKp0ZHkdgj3/8iKpn5Xs81L5rlyoXGdx5NAROkanyEYXqIJuURXVEEWP6Bm9ojfjyXgx3o2PWeuSkc0coD8wPn8A0liUtA==</latexit>

xk+1 = xk + �

Linear systems are easy



Newton’s method

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

Does not converge globally

Extremely fast locally



Why not line search?
<latexit sha1_base64="c/hljofZTDiptnsgbGWtYO0cHtY=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrdIyU0p1IxTduKxgL9DLkEkzbWgmMyQZaRnmTdz4Km5cKCLu+jam7Sy0+kPg5zvncHJ+J2BUKtOcGam19Y3NrfR2Zmd3b/8ge3jUlH4oMGlgn/mi7SBJGOWkoahipB0IgjyHkZYzvp3XW49ESOrzBzUNSM9DQ05dipHSyM5WJ/1ofGHF8BpO+mNYhMo+z3c5chjql6Gb17BQ6EdFK17CBNnZnFkyF4J/jZWYHEhUt7Nf3YGPQ49whRmSsmOZgepFSCiKGYkz3VCSAOExGpKOthx5RPaixX0xPNNkAF1f6McVXNCfExHypJx6ju70kBrJ1doc/lfrhMq96kWUB6EiHC8XuSGDyofzsOCACoIVm2qDsKD6rxCPkEBY6UgzOgRr9eS/plkuWdVS5b6Sq90kcaTBCTgFeWCBS1ADd6AOGgCDJ/AC3sC78Wy8Gh/G57I1ZSQzx+CXjNk3OOWgBg==</latexit>

xk+1 = xk � t⇤(r2f(xk))�1rf(xk)



Why not line search?
<latexit sha1_base64="c/hljofZTDiptnsgbGWtYO0cHtY=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrdIyU0p1IxTduKxgL9DLkEkzbWgmMyQZaRnmTdz4Km5cKCLu+jam7Sy0+kPg5zvncHJ+J2BUKtOcGam19Y3NrfR2Zmd3b/8ge3jUlH4oMGlgn/mi7SBJGOWkoahipB0IgjyHkZYzvp3XW49ESOrzBzUNSM9DQ05dipHSyM5WJ/1ofGHF8BpO+mNYhMo+z3c5chjql6Gb17BQ6EdFK17CBNnZnFkyF4J/jZWYHEhUt7Nf3YGPQ49whRmSsmOZgepFSCiKGYkz3VCSAOExGpKOthx5RPaixX0xPNNkAF1f6McVXNCfExHypJx6ju70kBrJ1doc/lfrhMq96kWUB6EiHC8XuSGDyofzsOCACoIVm2qDsKD6rxCPkEBY6UgzOgRr9eS/plkuWdVS5b6Sq90kcaTBCTgFeWCBS1ADd6AOGgCDJ/AC3sC78Wy8Gh/G57I1ZSQzx+CXjNk3OOWgBg==</latexit>

xk+1 = xk � t⇤(r2f(xk))�1rf(xk)

<latexit sha1_base64="xeeWKyMcz6nU6On3olRxxO7DKdw="></latexit>

t⇤ = argmin
t�0

f(xk � t(r2f(xk))�1rf(xk))



Why not line search?
<latexit sha1_base64="c/hljofZTDiptnsgbGWtYO0cHtY=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrdIyU0p1IxTduKxgL9DLkEkzbWgmMyQZaRnmTdz4Km5cKCLu+jam7Sy0+kPg5zvncHJ+J2BUKtOcGam19Y3NrfR2Zmd3b/8ge3jUlH4oMGlgn/mi7SBJGOWkoahipB0IgjyHkZYzvp3XW49ESOrzBzUNSM9DQ05dipHSyM5WJ/1ofGHF8BpO+mNYhMo+z3c5chjql6Gb17BQ6EdFK17CBNnZnFkyF4J/jZWYHEhUt7Nf3YGPQ49whRmSsmOZgepFSCiKGYkz3VCSAOExGpKOthx5RPaixX0xPNNkAF1f6McVXNCfExHypJx6ju70kBrJ1doc/lfrhMq96kWUB6EiHC8XuSGDyofzsOCACoIVm2qDsKD6rxCPkEBY6UgzOgRr9eS/plkuWdVS5b6Sq90kcaTBCTgFeWCBS1ADd6AOGgCDJ/AC3sC78Wy8Gh/G57I1ZSQzx+CXjNk3OOWgBg==</latexit>

xk+1 = xk � t⇤(r2f(xk))�1rf(xk)

<latexit sha1_base64="xeeWKyMcz6nU6On3olRxxO7DKdw="></latexit>

t⇤ = argmin
t�0

f(xk � t(r2f(xk))�1rf(xk))



Newton and  
cubic Newton methods

<latexit sha1_base64="/uGqkHojyRuCTugGmGKFJStoUJs="></latexit>

f(x) ⇡ f(xk) + hrf(xk), x� xki

+
1

2
hr2f(xk)(x� xk), x� xki

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

?



Newton and  
cubic Newton methods

<latexit sha1_base64="/uGqkHojyRuCTugGmGKFJStoUJs="></latexit>

f(x) ⇡ f(xk) + hrf(xk), x� xki

+
1

2
hr2f(xk)(x� xk), x� xki

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

?
<latexit sha1_base64="5pgTLkvlpJkFadld7Xcexm0IeUk=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUZdFNy4r2Ac0sUymk3boZCbMTCQl7a+4caGIW3/EnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhbX1jc6u4XdrZ3ds/sA/LLSUSiUkTCyZkJ0CKMMpJU1PNSCeWBEUBI+1gdDvz209EKir4gx7HxI/QgNOQYqSN1LPL3iQ9Tx9H3sRDcSxFCp2eXXGqzhxwlbg5qYAcjZ795fUFTiLCNWZIqa7rxNrPkNQUMzIteYkiMcIjNCBdQzmKiPKz+e1TeGqUPgyFNMU1nKu/JzIUKTWOAtMZIT1Uy95M/M/rJjq89jPK40QTjheLwoRBLeAsCNinkmDNxoYgLKm5FeIhkghrE1fJhOAuv7xKWhdV97Jau69V6jd5HEVwDE7AGXDBFaiDO9AATYBBCp7BK3izptaL9W59LFoLVj5zBP7A+vwBwqOURA==</latexit>

kx� xkk ⇡ 0

Local by design



Newton and  
cubic Newton methods

<latexit sha1_base64="Gt7PF139jvctqh/SPNLOM1p6lNI="></latexit>

f(x)  f(xk) + hrf(xk), x� x
ki

+
1

2
hr2

f(xk)(x� x
k), x� x

ki

+
H

3
kx� x

kk3

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

Global bound



Newton and  
cubic Newton methods

<latexit sha1_base64="Gt7PF139jvctqh/SPNLOM1p6lNI="></latexit>

f(x)  f(xk) + hrf(xk), x� x
ki

+
1

2
hr2

f(xk)(x� x
k), x� x

ki

+
H

3
kx� x

kk3

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)

Global bound
<latexit sha1_base64="pUsZ6B8C6bGo9E1NBkdYogrDL74=">AAACF3icbVDLTgIxFO3gC/GFunTTSExgAZlBoy6JblhiIo+EGUmndKCh05m0HcNk4C/c+CtuXGiMW935N5bHAsGT3OT0nHvTe48bMiqVaf4YqbX1jc2t9HZmZ3dv/yB7eNSQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju4nfjNRyIkDfi9ikPi+KjHqUcxUlrqZEv2yObIZeihDL38sACLcOEdF7TNCCxX7dGwGNujTjZnlswp4Cqx5iQH5qh1st92N8CRT7jCDEnZtsxQOQkSimJGxhk7kiREeIB6pK0pRz6RTjK9awzPtNKFXiB0cQWn6uJEgnwpY9/VnT5SfbnsTcT/vHakvGsnoTyMFOF49pEXMagCOAkJdqkgWLFYE4QF1btC3EcCYaWjzOgQrOWTV0mjXLIuS+d3F7nKzTyONDgBpyAPLHAFKqAKaqAOMHgCL+ANvBvPxqvxYXzOWlPGfOYY/IHx9Qt5WJ2k</latexit>

kr2
f(x)�r2

f(y)k  2Hkx� yk



Newton and  
cubic Newton methods

<latexit sha1_base64="S4XKOfV4oMTLKkXVcFyTV66cPYs="></latexit>

x
k+1 = argmin

x

⇢
hrf(xk), x� x

ki+ 1

2
hr2

f(xk)(x� x
k), x� x

ki+ H

3
kx� x

kk3
�

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)



Newton and  
cubic Newton methods

<latexit sha1_base64="S4XKOfV4oMTLKkXVcFyTV66cPYs="></latexit>

x
k+1 = argmin

x

⇢
hrf(xk), x� x

ki+ 1

2
hr2

f(xk)(x� x
k), x� x

ki+ H

3
kx� x

kk3
�

Nesterov & Polyak, 2006 

      Griewank, 1981

<latexit sha1_base64="lQAUdx5XOWbFd1t7PVpLnJTo9QI=">AAACG3icbZDLSsNAFIYnXmu9VV26GSxCi7QkVdSNUHTjsoK9QJuUyXTSDplMwsxEWkLfw42v4saFIq4EF76N0zYLbf1h4Oc753Dm/G7EqFSm+W0sLa+srq1nNrKbW9s7u7m9/YYMY4FJHYcsFC0XScIoJ3VFFSOtSBAUuIw0Xf9mUm8+ECFpyO/VKCJ2gPqcehQjpVE3Vxk6iX9ija+Gjg9LsNDhyGXIqUCvoEmx6CQlawxnNGXdXN4sm1PBRWOlJg9S1bq5z04vxHFAuMIMSdm2zEjZCRKKYkbG2U4sSYSwj/qkrS1HAZF2Mr1tDI816UEvFPpxBaf090SCAilHgas7A6QGcr42gf/V2rHyLu2E8ihWhOPZIi9mUIVwEhTsUUGwYiNtEBZU/xXiARIIKx1nVodgzZ+8aBqVsnVePr07y1ev0zgy4BAcgQKwwAWogltQA3WAwSN4Bq/gzXgyXox342PWumSkMwfgj4yvH730nsA=</latexit>

xk+1 = xk � (r2f(xk))�1rf(xk)



Newton and  
cubic Newton methods

<latexit sha1_base64="9/pSPqq4XgtVqbrIhyIkoiTrHGo="></latexit>

rf(xk) +r2
f(xk)(xk+1 � x

k) +Hkxk+1 � x
kk(xk+1 � x

k) = 0



Newton and  
cubic Newton methods

<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)

<latexit sha1_base64="9/pSPqq4XgtVqbrIhyIkoiTrHGo="></latexit>

rf(xk) +r2
f(xk)(xk+1 � x

k) +Hkxk+1 � x
kk(xk+1 � x

k) = 0



Newton and  
cubic Newton methods

<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)

But no closed-form expression!
Converges globally



Newton and  
cubic Newton methods

<latexit sha1_base64="Mu18qbd3mb1tqfUjfEyP9pnZpoE="></latexit>

x
k+1 = x

k �
�
r2

f(xk) +Hkxk+1 � x
kkI

��1rf(xk)

But no closed-form expression!
Converges globally

Curious property:
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�1rf(xk) <latexit sha1_base64="pP9W+ZFxGg+a/JpjQcBwNNWLfsE=">AAACFHicbVC7SgNBFJ31GeMramkzGARFCLsxRBshaGNhEcFEIbuGu5PZZMjs7DozK4ZNPsLGX7GxUMTWws6/cfIofB0YOJxzLnfu8WPOlLbtT2tqemZ2bj6zkF1cWl5Zza2t11WUSEJrJOKRvPJBUc4ErWmmOb2KJYXQ5/TS754M/ctbKhWLxIXuxdQLoS1YwAhoIzVzey434RY0u/gIu+pG6sa+l5bP3L4rwOeAg5276+6u278uDpq5vF2wR8B/iTMheTRBtZn7cFsRSUIqNOGgVMOxY+2lIDUjnA6ybqJoDKQLbdowVEBIlZeOjhrgbaO0cBBJ84TGI/X7RAqhUr3QN8kQdEf99obif14j0cGhlzIRJ5oKMl4UJBzrCA8bwi0mKdG8ZwgQycxfMemABKJNj1lTgvP75L+kXiw45ULpvJSvHE/qyKBNtIV2kIMOUAWdoiqqIYLu0SN6Ri/Wg/VkvVpv4+iUNZnZQD9gvX8BJTadow==</latexit>

�k = 3

q
6Lkrf(xk)k2

<latexit sha1_base64="cwfQnmhmE79tKHfBNuzeMO+ORfY="></latexit>

f(y)  f(x) + hrf(x), y � xi+
✓
1

2
+

1

6⌧

◆
r2f(x)[y � x]2 +

L+ 2⌧

24
Lky � xk4



Composite objective

<latexit sha1_base64="+n10wJ6v1yMc7mVrey6PQJAVVpg=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoFaHMSFGXRTcuq9gLdOqQyWTa0CQzJBlpGfoGbnwVNy4UcevWnW9jpu1Cqz8EPv5zDjnn92NGlbbtLyu3sLi0vJJfLaytb2xuFbd3mipKJCYNHLFItn2kCKOCNDTVjLRjSRD3GWn5g8us3ronUtFI3OpRTLoc9QQNKUbaWF7x0OVUeOnQpcLlSPd9P70Z3wVjGJaHR/AYurGihrxiya7YE8G/4MygBGaqe8VPN4hwwonQmCGlOo4d626KpKaYkXHBTRSJER6gHukYFIgT1U0n94zhgXECGEbSPKHhxP05kSKu1Ij7pjPbWc3XMvO/WifR4Xk3pSJONBF4+lGYMKgjmIUDAyoJ1mxkAGFJza4Q95FEWJsICyYEZ/7kv9A8qTinlep1tVS7mMWRB3tgH5SBA85ADVyBOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv2R9fAPFSpvT</latexit>

min
x2Rd

f(x) +  (x)

Constraints,  penalty, etc.ℓ1



Composite objective

<latexit sha1_base64="+n10wJ6v1yMc7mVrey6PQJAVVpg=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoFaHMSFGXRTcuq9gLdOqQyWTa0CQzJBlpGfoGbnwVNy4UcevWnW9jpu1Cqz8EPv5zDjnn92NGlbbtLyu3sLi0vJJfLaytb2xuFbd3mipKJCYNHLFItn2kCKOCNDTVjLRjSRD3GWn5g8us3ronUtFI3OpRTLoc9QQNKUbaWF7x0OVUeOnQpcLlSPd9P70Z3wVjGJaHR/AYurGihrxiya7YE8G/4MygBGaqe8VPN4hwwonQmCGlOo4d626KpKaYkXHBTRSJER6gHukYFIgT1U0n94zhgXECGEbSPKHhxP05kSKu1Ij7pjPbWc3XMvO/WifR4Xk3pSJONBF4+lGYMKgjmIUDAyoJ1mxkAGFJza4Q95FEWJsICyYEZ/7kv9A8qTinlep1tVS7mMWRB3tgH5SBA85ADVyBOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv2R9fAPFSpvT</latexit>

min
x2Rd

f(x) +  (x)

<latexit sha1_base64="fNTir3kleN3xGNEdgscqSC5749Y="></latexit>

xk+1 = argmin
x

⇢
hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2 +

�k
2
kx� xkk2 +  (x)

�



Composite objective

<latexit sha1_base64="+n10wJ6v1yMc7mVrey6PQJAVVpg=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAoFaHMSFGXRTcuq9gLdOqQyWTa0CQzJBlpGfoGbnwVNy4UcevWnW9jpu1Cqz8EPv5zDjnn92NGlbbtLyu3sLi0vJJfLaytb2xuFbd3mipKJCYNHLFItn2kCKOCNDTVjLRjSRD3GWn5g8us3ronUtFI3OpRTLoc9QQNKUbaWF7x0OVUeOnQpcLlSPd9P70Z3wVjGJaHR/AYurGihrxiya7YE8G/4MygBGaqe8VPN4hwwonQmCGlOo4d626KpKaYkXHBTRSJER6gHukYFIgT1U0n94zhgXECGEbSPKHhxP05kSKu1Ij7pjPbWc3XMvO/WifR4Xk3pSJONBF4+lGYMKgjmIUDAyoJ1mxkAGFJza4Q95FEWJsICyYEZ/7kv9A8qTinlep1tVS7mMWRB3tgH5SBA85ADVyBOmgADB7AE3gBr9aj9Wy9We/T1pw1m9kFv2R9fAPFSpvT</latexit>

min
x2Rd

f(x) +  (x)

<latexit sha1_base64="fNTir3kleN3xGNEdgscqSC5749Y="></latexit>

xk+1 = argmin
x

⇢
hrf(xk), x� xki+ 1

2
r2f(xk)[x� xk]2 +

�k
2
kx� xkk2 +  (x)

�

<latexit sha1_base64="gooKsyoCNoOf6LG0B1t1DwbmQDU=">AAACIHicbVDNSgMxGMz6b/1b9eglWERFKLtSrMeiF48K1ha6tXybZm1oNhuSrFi2PooXX8WLB0X0pk9juu1BrQOBycx8JN+EkjNtPO/TmZqemZ2bX1gsLC2vrK656xtXOkkVoTWS8EQ1QtCUM0FrhhlOG1JRiENO62HvdOjXb6nSLBGXpi9pK4YbwSJGwFip7VYCbsMdaPdwIFUiTYKDQSAg5ICjvbvr3j4+sI5mu/klGFwHwGUX2m7RK3k58CTxx6SIxjhvux9BJyFpTIUhHLRu+p40rQyUYYTT+0KQaiqB9OCGNi0VEFPdyvIF7/GOVTo4SpQ9wuBc/TmRQax1Pw5tMgbT1X+9ofif10xNdNzKmJCpoYKMHopSjm0Nw7ZwhylKDO9bAkQx+1dMuqCAGNtpwZbg/115klwdlvyjUvmiXKyejOtYQFtoG+0hH1VQFZ2hc1RDBD2gJ/SCXp1H59l5c95H0SlnPLOJfsH5+gYZZaJP</latexit>

�k / krf(xk) +  0(xk)k↵



Full method



Full method



Full method



Full method

Provably works for any  and any function classα



One method for all rates
<latexit sha1_base64="cOYWRYv6Um0VwLFF6W6aq+52h1g="></latexit>

If kr3f(x)�r
3f(y)k  Lkx� yk for all x, y, then

f(xk)� f⇤ = O
�

1
k3

�
.



One method for all rates
<latexit sha1_base64="cOYWRYv6Um0VwLFF6W6aq+52h1g="></latexit>

If kr3f(x)�r
3f(y)k  Lkx� yk for all x, y, then

f(xk)� f⇤ = O
�

1
k3

�
.

<latexit sha1_base64="KpJxo6LrVrB409IMSYnHMkyo94E="></latexit>

If kr2
f(x)�r

2
f(y)k  2Hkx� yk for all x, y, then

f(xk)� f
⇤ = O

�
1
k2

�
.



One method for all rates
<latexit sha1_base64="cOYWRYv6Um0VwLFF6W6aq+52h1g="></latexit>

If kr3f(x)�r
3f(y)k  Lkx� yk for all x, y, then

f(xk)� f⇤ = O
�

1
k3

�
.

<latexit sha1_base64="KpJxo6LrVrB409IMSYnHMkyo94E="></latexit>

If kr2
f(x)�r

2
f(y)k  2Hkx� yk for all x, y, then

f(xk)� f
⇤ = O

�
1
k2

�
.

<latexit sha1_base64="WJFmoqLIMqP4FMLt2hMi0ueIUps="></latexit>

If kr2f(x)�r
2f(y)k  M = const for all x, y, then

f(xk)� f⇤ = O
�
1
k

�
.


