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Newton’s method

" =2t — (VAf(2") TV f ()

In practice, solve A) = b
with A = VZf(z"), b= -Vf(z")

ot — kL §

Linear systems are easy



Newton’s method

" =2t — (VAf(2) TV f (@)
Extremely fast locally

Does not converge globally
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Why not line search?
p" T =2t =t (VA f(2%) TV ()

t. = argmin f(z* — t(V?f (")) 7'V f ("))

>0

Full Length Paper | Published: 24 May 2015

Simple examples for the failure of Newton’s method
with line search for strictly convex minimization

Florian Jarre & Philippe L. Toint

Mathematical Programming 158, 23-34 (2016) | Cite this article
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Newton and
cubic Newton methods

" =2t — (VAf(2) TV f (@)

f(z) < f(@") + (Vf(2"),z — )
‘ ;<V2f(ar’“)(af —a"), x — ")

H
el E R

° Global bound

IV2f(z) — VZf(y)| < 2H|z — y|
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Newton and
cubic Newton methods

V(") + V)@ - aR)  H M - o @ - o) = 0



Newton and
cubic Newton methods

V(a*) + V2 F(at) (55— o)+ HjaM = 2R (@ - 2f) = 0
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Newton and
cubic Newton methods

et = gk — (VQf(:Ek) + H|2" — xk\\I)_1Vf(:1:k)

Converges globally
But no closed-form expression!
Curious property:
H||* 4 = 2k || ~ \/H|V f(@h+1))|
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Proposed method

et = gk — (V2 ) + \/HHVf HI) 1Vf($k)

[VEf(z) = V2 (y)ll < 2H||lz - y|



Global convergence
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Global convergence

~1
it = gF — (V2 ) + \/HHVf HI) Vf(xF)
Theorem. For any initialization z° € R
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Global convergence

et = gk — (V2 ) + \/HHVf HI) 1Vf(£l?k)
Theorem. For any initialization 2 € R¢
) |
) - ) =0 35)

No line search or subproblems!

Matches the rate of cubic Newton!
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Bonus: superlinear rate
"t =aF — (V2 f(2") + )\kI)_1Vf(:Ek)
Theorem. If V?f(x) = pI and ||V f(2)] < i

|V f () < Qfo( oIk

1
IVf(z")|| < e after O (log log g> iterations
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Logistic regression
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Experiments

Log-sum-exp
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Small p implies ill-conditioning
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Experiments

Log-sum-exp (p = 0.25, medium)
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Experiments
Log-sum-exp (p = 0.03, ill-conditioned)

10’

-— = —-— Wy Y.y

GD-Armijo
Nesterov-Armijo

Newton-Armijo

+
—h—
—i— AdaN
~14 = —4— AdaN+
10
—il— Arc
0

200 400 600 800 1000 1200 1400



akowb~

Talk structure

Overview of methods

Newton and Cubic Newton
Regularized Newton
Experiments

Crazy result on 3rd derivatives



Reference

[Submitted on 3 Dec 2021]

Regularized Newton Method with Global O(1/k#) Convergence
Konstantin Mishchenko

We present a Newton-type method that converges fast from any initialization and for arbitrary convex objectives
with Lipschitz Hessians. We achieve this by merging the ideas of cubic regularization with a certain adaptive
Levenberg--Marquardt penalty. In particular, we show that the iterates given by

xktl = xk — (sz(xk) + \/HIlVf(xk)lll)_lVf(xk), where H > (0 is a constant, converge globally with a

(9(/%2) rate. Our method is the first variant of Newton's method that has both cheap iterations and provably fast

global convergence. Moreover, we prove that locally our method converges superlinearly when the objective is
strongly convex. To boost the method's performance, we present a line search procedure that does not need
hyperparameters and is provably efficient.

3 December 2021
(first appearance in July 2021)



Surprise paper

[Submitted on 6 Dec 2021]

Gradient Regularization of Newton Method with Bregman
Distances

Nikita Doikov, Yurii Nesterov

In this paper, we propose a first second-order scheme based on arbitrary non-Euclidean norms,
incorporated by Bregman distances. They are introduced directly in the Newton iterate with
regularization parameter proportional to the square root of the norm of the current gradient. For the
basic scheme, as applied to the composite optimization problem, we establish the global
convergence rate of the order O(k~2) both in terms of the functional residual and in the norm of
subgradients. Our main assumption on the smooth part of the objective is Lipschitz continuity of its
Hessian. For uniformly convex functions of degree three, we justify global linear rate, and for
strongly convex function we prove the local superlinear rate of convergence. Our approach can be
seen as a relaxation of the Cubic Regularization of the Newton method, which preserves its
convergence properties, while the auxiliary subproblem at each iteration is simpler. We equip our
method with adaptive line search procedure for choosing the regularization parameter. We propose
also an accelerated scheme with convergence rate O(k—>), where k is the iteration counter.

6 December 2021
(cites the version from July)
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Nikita




Result of my visit

[Submitted on 11 Aug 2022]

Super-Universal Regularized Newton Method
Nikita Doikov, Konstantin Mishchenko, Yurii Nesterov

We analyze the performance of a variant of Newton method with quadratic regularization for solving
composite convex minimization problems. At each step of our method, we choose regularization
parameter proportional to a certain power of the gradient norm at the current point. We introduce a
family of problem classes characterized by Holder continuity of either the second or third derivative.
Then we present the method with a simple adaptive search procedure allowing an automatic
adjustment to the problem class with the best global complexity bounds, without knowing specific
parameters of the problem. In particular, for the class of functions with Lipschitz continuous third
derivative, we get the global O(1/k>) rate, which was previously attributed to third-order tensor
methods. When the objective function is uniformly convex, we justify an automatic acceleration of our
scheme, resulting in a faster global rate and local superlinear convergence. The switching between the
different rates (sublinear, linear, and superlinear) is automatic. Again, for that, no a priori knowledge
of parameters is needed.
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Extra smoothness

fy) < fla) +(Vf(x),y —z) + %sz(w)[y —z]® + %V?’f(:v)[y — z’ +2—L4Hy —z|*
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1) < 1) + (V) —a) + (5 o ) @l = af + =5 = Ll alf
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Extra smoothness

F0) < F@) + (V@) — o) + 5V @)y~ + VP f(@)ly — a5y — ]

\ 4
aV

Taylor approximation of f(y)

1 1

Fu) < F(@) + (VI (@)y — 7) + (5 n 6_7) V2 f (@)l — a]? -

L+ 271
24

Lily — 2|

a’jk_l_l _ Zlfk B 2 xk‘ —1 fL’k
VA MDTVIE Sy ervan))?

Theorem. If f is convex and has Lipschitz third derivatives, then

1 -1 =0 (5g)
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Composite objective
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Composite objective

min f(z) + (z)

rcRA

k+1 — arg min {(Vf(a:k),:c — ") + %VQf(xk)[x — 2" + %Hﬁ — "I + w(w)}

T

X

A o [V f(2%) + (") ]|



Full method

gk = [V f(@r) + ' (z)]«
for 5, =0,1,... do

Ar = 4% Hygp
Z4 = argmin {(Vf(l’k), z — zx) + 3V (@r)[z — oa]® + |z — 2”4 ¢(1’)}



Full method

gk = IV f (@) + o' (@)«

¥ (24) = —VF(zx) — V2F(@r) (24 — 2x) — MeB (x4 — )
F'(z4) = V(z4) +9'(z4)



Full method

gk = IV f(zk) + ¢'(zx)]|«
for 5, =0,1,... do

A = 4% Hi. g2
Ty = a,rginin {(vf(xk:)a z — zx) + 3V (@r)[z — oa]® + |z — 2”4 ¢(f’3)}
def

V' (z4) = —V f(zr) — V2 f(zr) (24 — 21) — M B(z4 — z)

Fi(zy) = Vf(zy) + ¢ (24)

. " 2
until (F'(zy), 2 — z,) > IIFiA:)II*




Full method

Algorithm 2 Super-Universal Newton Method

Input: xq € dom ), ¥'(xg) € 0Y(xg). Choose arbitrary a € [%, 1], Hy >0
1: for k=0,1,... do
22 g = |V (k) + 9 (i)l
3 for 5, =0,1,... do
4: )‘k = 4Jkagg
; e, = argmin {(Vf(21), 2 — zi) + 3V (@)le = @il + 3 o — 2al* + 9()

6: V(zy) L —Vf(ze) — V2F(z1) (24 — 7)) — MeB(z4 — Z)
/ def p

< Fi(z4) = Vf(z4) + ¢ (:cJ/r) 2

8: until (F'(zy),xx — z4) > ||Fg:)ll*

9: Tyl — :L'_l_

].O: Hk+1 _— 4]k4Hk:

Provably works for any a and any function class



One method for all rates
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One method for all rates
If V2 f(x) = V2 f(y)l| < L|lz —yl| for all z,y, then
f(@*) — f* =0 ().
If |[V2f(x) — VEf(y)|| < 2H ||z — y]| for all 2,y, then

f(ak) = £ =0 (ga).



One method for all rates
If V2 f(x) = V2 f(y)l| < L|lz —yl| for all z,y, then
f(a*) = f=0(5)
If |V f(x) = V2 f(y)|| < 2H ||z — y]| for all 2,y, then
f(ak) = =0 ()
If |V2f(x) — V2f(y)|| < M = const for all z,y, then

fa*) — fr=0 (%)



