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We present a Newton-type method that converges fast from any initialization and for arbitrary convex objectives
with Lipschitz Hessians. We achieve this by merging the ideas of cubic regularization with a certain adaptive
Levenberg--Marquardt penalty. In particular, we show that the iterates given by

—1
xkHl = xk — (sz(xk) + \/H||Vf(xk)||l) V£(x*), where H > 0 is a constant, converge globally with a

(9(1%2) rate. Our method is the first variant of Newton's method that has both cheap iterations and provably fast

global convergence. Moreover, we prove that locally our method converges superlinearly when the objective is
strongly convex. To boost the method's performance, we present a line search procedure that does not need
hyperparameters and is provably efficient.
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Newton’s method

" =2t — (VAf(2") TV f ()

In practice, solve A) = b
with A = VZf(z"), b= -Vf(z")

ot — kL §

Linear systems are easy
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Newton’s method

" =2t — (VAf(2) TV f (@)
Extremely fast locally

Does not converge globally
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Line search and trust-region
2" =2t (VA (%) TV f(2")

t. = argmin f(z* V> f (")) 7'V f ("))

>0



Line search and trust-region
p" T =2t =t (VA f(2%) TV ()

t. = argmin f(z* — t(V?f (")) 7'V f ("))

>0

Full Length Paper | Published: 24 May 2015

Simple examples for the failure of Newton’s method
with line search for strictly convex minimization

Florian Jarre & Philippe L. Toint

Mathematical Programming 158, 23-34 (2016) | Cite this article
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Historical remarks

Ancient Greek, Babylonian and Arab mathematicians, solving
equations by improving estimates

HISTORICAL DEVELOPMENT OF THE NEWTON-RAPHSON METHOD*
TJALLING J. YPMAT

Abstract. This expository paper traces the development of the Newton-Raphson method for solving nonlinear
algebraic equations through the extant notes, letters, and publications of Isaac Newton, Joseph Raphson, and Thomas
Simpson. It is shown how Newton’s formulation differed from the iterative process of Raphson, and that Simpson
was the first to give a general formulation, in terms of fluxional calculus, applicable to nonpolynomial equations.
Simpson’s extension of the method to systems of equations is exhibited.
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equations by improving estimates

Viete, 1600, solving polynomial equation p(x)=0

Newton, 1669, improved method of Viete (polynomials)
Raphson, 1690, simpler iterative approach (not just polynomials)
Simpson, 1740, solving systems of 2 equations using derivatives

Early development



Historical remarks

> Ancient Greek, Babylonian and Arab mathematicians, solving
equations by improving estimates
Viete, 1600, solving polynomial equation p(x)=0
Newton, 1669, improved method of Viete (polynomials)
Raphson, 1690, simpler iterative approach (not just polynomials)
> Simpson, 1740, solving systems of 2 equations using derivatives
Kantorovich, 1939, linear convergence rate for general F(x)=0
-~ Mysovskikh, 1949, modern proof with quadratic rate

- Davidon, 1959, DFP

- Broyden, Fletcher, Goldfarb, and Shanno, 1970, BFGS

Modern methods and proofs



Historical remarks

> Ancient Greek, Babylonian and Arab mathematicians, solving
equations by improving estimates
Viete, 1600, solving polynomial equation p(x)=0
Newton, 1669, improved method of Viete (polynomials)
Raphson, 1690, simpler iterative approach (not just polynomials)
> Simpson, 1740, solving systems of 2 equations using derivatives
> Kantorovich, 1939, linear convergence rate for general F(x)=0
> Mysovskikh, 1949, modern proof with quadratic rate
Davidon, 1959, DFP
Broyden, Fletcher, Goldfarb, and Shanno, 1970, BFGS
- Griewank, 1981, numerics for cubic Newton
- Nesterov & Polyak, 2006, theory for cubic Newton

Most relevant works: Cubic Newton
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2nd-order Taylor approximation
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cubic Newton methods
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f(z) & f(z") + (Vf(2"),z — )
’ §<v2f<xk><x — "), x — z")

ry llz =" ~ 0
= Local by design
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Newton and
cubic Newton methods

" =2t — (VAf(2) TV f (@)

f(z) < f(@") + (Vf(2"),z — )
‘ ;<V2f(ar’“)(af —a"), x — ")

H
el E R

° Global bound

IV2f(z) — VZf(y)| < 2H|z — y|




Newton and
cubic Newton methods

. k 2 ,.-s._,, 7 L [ KD

r*+! = arg min {Wf(x’“),w k) + (V) — ah), o) + e xku?*}

Nesterov & Polyak, 2006
Griewank, 1981
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Newton and
cubic Newton methods

k+1 . k k 1 2 k k k H k13
z7 = argmin § (VF(27), 2 —27) + (V7 f(2")(z —27), 2 —27) + g\lﬂj — x|

V(a*) + V2 () (B85 — o) + H gl - 2R @ - o) =0



Newton and
cubic Newton methods

et = gk — (VQf(xk) + H||zF ! — :Ek\\I)_lVf(azk)



Newton and
cubic Newton methods

et = gk — (VQf(xk) + H||zF ! — xk\\I)_1Vf(:Ck)

Converges globally



Newton and
cubic Newton methods

et = gk — (VQf(xk) + H|2" — xk\\I)_1Vf(:1:k)
Converges globally

But no closed-form expression!
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Newton and
cubic Newton methods

et = gk — (VQf(xk) + H||2" ! — :Ck\\I)_1Vf(:Ck)

Lemma. It holds H||z*T! — 2*|| ~ \/H||V f(zFt1)].

Idea. Maybe H|xz*T1 — 2| ~ \/H||V f(z*)|?

We can prove one side

Almost!

H||l2* — 2b|| < \/H|[V f(z¥)]
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Proposed method

et = gk — (V2 ) + \/HHVf HI) 1Vf($k)

[VEf(z) = V2 (y)ll < 2H||lz - y|



Global convergence

~1
T = gf (V2 ) + \/HHVf HI) Vf(z")
Theorem. For any initialization z° € R
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Global convergence

~1
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Theorem. For any initialization z° € R
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Global convergence

~1
it = gF — (V2 ) + \/HHVf HI) Vf(xF)
Theorem. For any initialization z° € R
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Any optimum



Global convergence

et = gk — (V2 ) + \/HHVf HI) 1Vf(a:k)
Theorem. For any initialization z° € R
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Global convergence

et = gk — (V2 ) + \/HHVf HI) 1Vf(£l?k)
Theorem. For any initialization 2 € R¢
) |
) - ) =0 35)

No line search or subproblems!

Matches rate of cubic Newton!
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Cubic Newton:
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Proof idea: mimic cubic Newton

Define r = ||2*T1 — 2F|| and A\, = \/H||V f(2*)|
Cubic Newton:
et = gk — (VQf(xk) + HrkI)_1Vf(xk)

Our Newton:

P = gk (V2 f(aR) + N I) T V(R

Idea. Everything is fine it Hrp = \;
Easy part: Hr < )\
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Proof sketch
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Proof sketch
— " A\ = \/H\\Vf(xk)u

Lemma 1. Hr, < A; (Regularization is big enough)

i = | (F2H@S) + D) V()] < VAR = T
k

r, = [[2"



Proof sketch

k+1

—2f| Mo = /H|Vf ()]

Lemma 1. Hrp < Ag

re = ||x

Lemma 2. [|[Vf(z*™)|| < 2|V f(z")]]

(No blow-up in gradients)



Proof sketch

re = |25 — 2¥| Ao =\ H|IV f(zb)]
Lemma 1. Hrp < Ag

Lemma 2. |V f(z*TH)| < 2|V F(z®)]]

Lemma 3. f(z"") < f(a") — 2 \pri (Descent)

Follows from Lemma 1



Proof sketch

k+1

— ¥ Mo = /H|Vf ()]

Lemma 1. Hry < A\g

re = ||x

Lemma 2. |V f(z*™)| < 2||Vf ()]

Lemma 3. f(z"1) < f(a®) — S}

Not sufficient to show a good rate.
It’s time for a new trick!
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re = ||x

Lemma 2. |V f(z*™)| < 2||Vf ()]
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Proof sketch
| N =\ H|[V (")

Lemma 1. Hrp < Ag

ry = [l2"

Lemma 2. [|[Vf(z*™H)|| < 2|V f(z")]]

Lemma 3. f(z"1) < f(a®) — S}

o= {h IV FEHY ) 2 L1976

Lemma 4. If k € T, f(z"T!) < f(2*) — c(f(2®) — f*)>

it k& Too, |Vf(2F1)| < LV F(R))
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Bonus: superlinear rate
"t =aF — (V2 f(2") + )\kI)_1Vf(:Ek)
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Bonus: superlinear rate
"t =aF — (V2 f(2") + )\kI)_1Vf(:Ek)
Theorem. If V?f(x) = pI and ||V f(2)] < i

|V f () < Qfo( oIk

1
IVf(z")|| < e after O (log log g> iterations



Summary
"t =aF — (V2 f(2") + )\kI)_1Vf(xk)
1
) - ) =0 35

1
O (log log g) locally

Intuition: 1t’s almost like cubic Newton
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Experiments

GD e

Nesterov's acceleration
Cubic
Our Newton

200 400 600 800 1000



What if we don’t know H

el

. Input: 2 # 2
. Initialize Hy =

for k=1,2,...

L ¢ R

IVf (@) =V f(z?) =V f(a)(z! —a")]|

|t =02

do

P 7 €0 i B i i |

ESTak

2

[ Hp_1
My, Tt |

Compute x

. end for

V(@b
L .k (VQf($k

) + M) TV f(w

")




Experiments

200

400

GD

Nesterov's acceleration
Cubic

Our Newton

Our Newton (adaptive)

600 800 1000
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What’s next?

Nonsmooth problems
Inexact/subspace updates
Acceleration

Minmax optimization
Stochastic Newton (very hard!)
Practical quasi-Newton variants
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90% iIs due to Nesterov & Polyak

“If | have seen further it is by standing on ye
sholders of Giants”, Newton, 1676

Polyak Nesterov




