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Problem

Convex

min
x

1

M

MX

m=1

fm(x)
<latexit sha1_base64="DJWDtL5mSWrGww/2Afw1MWWCqws=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiNgjZC0MYmEME8IBuX2clsMmRmdpmZlYRlv8DGX7GxUMTW2s6/cfIoNPHAhcM593LvPX7EqNK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3g98VsPRCoaijs9jkiXo76gAcVIG8nLF11OhTeCbiARTpw0qaWuirmX8Esnva/BwOOl0YmXL9hlewq4TJw5KYA56l7+y+2FOOZEaMyQUh3HjnQ3QVJTzEiac2NFIoSHqE86hgrEieom03dSWDRKDwahNCU0nKq/JxLElRpz33RypAdq0ZuI/3mdWAcX3YSKKNZE4NmiIGZQh3CSDexRSbBmY0MQltTcCvEAmWC0STBnQnAWX14mzUrZOS1Xbs8K1at5HFlwBI5BCTjgHFTBDaiDBsDgETyDV/BmPVkv1rv1MWvNWPOZQ/AH1ucPkhmbxw==</latexit>



Problem

Convex
In practice, usually  
a neural network

min
x

1

M

MX

m=1

fm(x)
<latexit sha1_base64="DJWDtL5mSWrGww/2Afw1MWWCqws=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiNgjZC0MYmEME8IBuX2clsMmRmdpmZlYRlv8DGX7GxUMTW2s6/cfIoNPHAhcM593LvPX7EqNK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3g98VsPRCoaijs9jkiXo76gAcVIG8nLF11OhTeCbiARTpw0qaWuirmX8Esnva/BwOOl0YmXL9hlewq4TJw5KYA56l7+y+2FOOZEaMyQUh3HjnQ3QVJTzEiac2NFIoSHqE86hgrEieom03dSWDRKDwahNCU0nKq/JxLElRpz33RypAdq0ZuI/3mdWAcX3YSKKNZE4NmiIGZQh3CSDexRSbBmY0MQltTcCvEAmWC0STBnQnAWX14mzUrZOS1Xbs8K1at5HFlwBI5BCTjgHFTBDaiDBsDgETyDV/BmPVkv1rv1MWvNWPOZQ/AH1ucPkhmbxw==</latexit>



Problem

min
x

1

M

MX

m=1

fm(x)
<latexit sha1_base64="DJWDtL5mSWrGww/2Afw1MWWCqws=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiNgjZC0MYmEME8IBuX2clsMmRmdpmZlYRlv8DGX7GxUMTW2s6/cfIoNPHAhcM593LvPX7EqNK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3g98VsPRCoaijs9jkiXo76gAcVIG8nLF11OhTeCbiARTpw0qaWuirmX8Esnva/BwOOl0YmXL9hlewq4TJw5KYA56l7+y+2FOOZEaMyQUh3HjnQ3QVJTzEiac2NFIoSHqE86hgrEieom03dSWDRKDwahNCU0nKq/JxLElRpz33RypAdq0ZuI/3mdWAcX3YSKKNZE4NmiIGZQh3CSDexRSbBmY0MQltTcCvEAmWC0STBnQnAWX14mzUrZOS1Xbs8K1at5HFlwBI5BCTjgHFTBDaiDBsDgETyDV/BmPVkv1rv1MWvNWPOZQ/AH1ucPkhmbxw==</latexit>

fm(x) = E⇠fm(x; ⇠)
<latexit sha1_base64="2TvImUb0Ro/I8bGbe3H5+DgMKlo=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptJuSVEFBhKIILivYCzQhTKaTdujkwsxEWkKfwI2v4saFIm5du/NtnKRZaOuBgY//P4c553cjRoU0jG+tsLK6tr5R3Cxtbe/s7un7Bx0RxhyTNg5ZyHsuEoTRgLQllYz0Ik6Q7zLSdcfXqd99IFzQMLiX04jYPhoG1KMYSSU5esVz/OqkBi+h5SM5ct3kZuYk1oTOYOZcQMU1Ry8bdSMruAxmDmWQV8vRv6xBiGOfBBIzJETfNCJpJ4hLihmZlaxYkAjhMRqSvsIA+UTYSXbODFaUMoBeyNULJMzU3xMJ8oWY+q7qTHcWi14q/uf1Y+md2wkNoliSAM8/8mIGZQjTbOCAcoIlmypAmFO1K8QjxBGWKsGSCsFcPHkZOo26eVJv3J2Wm1d5HEVwBI5BFZjgDDTBLWiBNsDgETyDV/CmPWkv2rv2MW8taPnMIfhT2ucPI2Sa5w==</latexit>



Local SGD

min
x

1

M

MX

m=1

fm(x)
<latexit sha1_base64="DJWDtL5mSWrGww/2Afw1MWWCqws=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiNgjZC0MYmEME8IBuX2clsMmRmdpmZlYRlv8DGX7GxUMTW2s6/cfIoNPHAhcM593LvPX7EqNK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3g98VsPRCoaijs9jkiXo76gAcVIG8nLF11OhTeCbiARTpw0qaWuirmX8Esnva/BwOOl0YmXL9hlewq4TJw5KYA56l7+y+2FOOZEaMyQUh3HjnQ3QVJTzEiac2NFIoSHqE86hgrEieom03dSWDRKDwahNCU0nKq/JxLElRpz33RypAdq0ZuI/3mdWAcX3YSKKNZE4NmiIGZQh3CSDexRSbBmY0MQltTcCvEAmWC0STBnQnAWX14mzUrZOS1Xbs8K1at5HFlwBI5BCTjgHFTBDaiDBsDgETyDV/BmPVkv1rv1MWvNWPOZQ/AH1ucPkhmbxw==</latexit>

x
m
t+1 =

(
x̂t+1, if t mod H = 0

x
m
t � �rfm(xm

t ; ⇠mt ), otherwise
<latexit sha1_base64="TU3D7h/GIHQvE30NZkRDc74gSRE="></latexit>



Local SGD

min
x

1

M

MX

m=1

fm(x)
<latexit sha1_base64="DJWDtL5mSWrGww/2Afw1MWWCqws=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiNgjZC0MYmEME8IBuX2clsMmRmdpmZlYRlv8DGX7GxUMTW2s6/cfIoNPHAhcM593LvPX7EqNK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3g98VsPRCoaijs9jkiXo76gAcVIG8nLF11OhTeCbiARTpw0qaWuirmX8Esnva/BwOOl0YmXL9hlewq4TJw5KYA56l7+y+2FOOZEaMyQUh3HjnQ3QVJTzEiac2NFIoSHqE86hgrEieom03dSWDRKDwahNCU0nKq/JxLElRpz33RypAdq0ZuI/3mdWAcX3YSKKNZE4NmiIGZQh3CSDexRSbBmY0MQltTcCvEAmWC0STBnQnAWX14mzUrZOS1Xbs8K1at5HFlwBI5BCTjgHFTBDaiDBsDgETyDV/BmPVkv1rv1MWvNWPOZQ/AH1ucPkhmbxw==</latexit>

x
m
t+1 =

(
1
M

PM
j=1(x

j
t � �rfj(x

j
t ; ⇠

j
t )), if t mod H = 0

x
m
t � �rfm(xm

t ; ⇠mt ), otherwise
<latexit sha1_base64="lgA188Epjy9RAdJcl5dGIGQd9cg="></latexit>



Local SGD

min
x

1

M

MX

m=1

fm(x)
<latexit sha1_base64="DJWDtL5mSWrGww/2Afw1MWWCqws=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiNgjZC0MYmEME8IBuX2clsMmRmdpmZlYRlv8DGX7GxUMTW2s6/cfIoNPHAhcM593LvPX7EqNK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFscSkgUMWyraPFGFUkIammpF2JAniPiMtf3g98VsPRCoaijs9jkiXo76gAcVIG8nLF11OhTeCbiARTpw0qaWuirmX8Esnva/BwOOl0YmXL9hlewq4TJw5KYA56l7+y+2FOOZEaMyQUh3HjnQ3QVJTzEiac2NFIoSHqE86hgrEieom03dSWDRKDwahNCU0nKq/JxLElRpz33RypAdq0ZuI/3mdWAcX3YSKKNZE4NmiIGZQh3CSDexRSbBmY0MQltTcCvEAmWC0STBnQnAWX14mzUrZOS1Xbs8K1at5HFlwBI5BCTjgHFTBDaiDBsDgETyDV/BmPVkv1rv1MWvNWPOZQ/AH1ucPkhmbxw==</latexit>

x
m
t+1 =

(
x̂t+1, if t mod H = 0

x
m
t � �rfm(xm

t ; ⇠mt ), otherwise
<latexit sha1_base64="TU3D7h/GIHQvE30NZkRDc74gSRE="></latexit>

H = 1 �! minibatch SGD
<latexit sha1_base64="TrRkAl2UzCOO/3evHqQkuSPWkQ0=">AAACC3icbVC7SgNBFJ31GeMramkzJBGswm4stBGCCqaMaB6QhDA7mWyGzM4sM3eVsKS38VdsLBSx9Qfs/Bsnj0ITD1w4nHMv997jR4IbcN1vZ2l5ZXVtPbWR3tza3tnN7O3XjIo1ZVWqhNINnxgmuGRV4CBYI9KMhL5gdX9wOfbr90wbruQdDCPWDkkgeY9TAlbqZLL58rnXEkoGmgd9IFqrhzwOueQ+AdrHt9dXnUzOLbgT4EXizUgOzVDpZL5aXUXjkEmgghjT9NwI2gnRwKlgo3QrNiwidEAC1rRUkpCZdjL5ZYSPrNLFPaVtScAT9fdEQkJjhqFvO0MCfTPvjcX/vGYMvbN2wmUUA5N0uqgXCwwKj4PBXa4ZBTG0hFDN7a2Y9okmFGx8aRuCN//yIqkVC95JoXhTzJUuZnGk0CHKomPkoVNUQmVUQVVE0SN6Rq/ozXlyXpx352PauuTMZg7QHzifP5oomiE=</latexit>

H = T �! one-shot averaging
<latexit sha1_base64="EetfaAhe/yrdpwryMbhAPUM3Qgo=">AAACEHicbVC7SgNBFJ31bXytWtoMRtHGsBsLbQTRJmUEY4QkhLuTyWbI7Mwyc1cJIZ9g46/YWChia2nn3zh5FBo9MHA45x7u3BOlUlgMgi9vZnZufmFxaTm3srq2vuFvbt1YnRnGK0xLbW4jsFwKxSsoUPLb1HBIIsmrUfdy6FfvuLFCq2vspbyRQKxEWzBAJzX9g73S2XVdahUbEXcQjNH3e1QrfmQ7Gim4LMRCxU0/HxSCEehfEk5InkxQbvqf9ZZmWcIVMgnW1sIgxUYfDAom+SBXzyxPgXUh5jVHFSTcNvqjgwZ03ykt2tbGPYV0pP5M9CGxtpdEbjIB7Nhpbyj+59UybJ82+kKlGXLFxovamaSo6bAd2hKGM5Q9R4AZ4f5KWQcMMHQd5lwJ4fTJf8lNsRAeF4pXxfz5xaSOJbJDdskhCckJOSclUiYVwsgDeSIv5NV79J69N+99PDrjTTLb5Be8j29W9JzK</latexit>



Local GD

xm
t+1 = xm

t � �rfm(xm
t )

<latexit sha1_base64="/Ss/hIUrOmuSuaZww6WP6qfoGsY=">AAACFXicbVBNSwMxEM36WetX1aOXYBEUteyqoBeh6MWjglWhrctsmq2hSXZJZsWy9E948a948aCIV8Gb/8a09uDXg2Ee782QzItSKSz6/oc3Mjo2PjFZmCpOz8zOzZcWFs9tkhnGayyRibmMwHIpNK+hQMkvU8NBRZJfRJ2jvn9xw40ViT7DbsqbCtpaxIIBOiksbd6GOW4EvStFD+htiK5v0UYblALa0BBJoHGo1gbOelgq+xV/APqXBENSJkOchKX3RithmeIamQRr64GfYjMHg4JJ3is2MstTYB1o87qjGhS3zXxwVY+uOqVF48S40kgH6veNHJS1XRW5SQV4bX97ffE/r55hvN/MhU4z5Jp9PRRnkmJC+xHRljCcoew6AswI91fKrsEAQxdk0YUQ/D75LznfrgQ7le3T3XL1cBhHgSyTFbJGArJHquSYnJAaYeSOPJAn8uzde4/ei/f6NTriDXeWyA94b5/fPZ1j</latexit>



The Variance of Local GD

�2
f

def
=

1

M

MX

m=1

krfm(x⇤)k2
<latexit sha1_base64="3gVDmUvpLV4RZgkqaHQ+IBOrrOg="></latexit>

xm
t+1 = xm

t � �rfm(xm
t )

<latexit sha1_base64="/Ss/hIUrOmuSuaZww6WP6qfoGsY=">AAACFXicbVBNSwMxEM36WetX1aOXYBEUteyqoBeh6MWjglWhrctsmq2hSXZJZsWy9E948a948aCIV8Gb/8a09uDXg2Ee782QzItSKSz6/oc3Mjo2PjFZmCpOz8zOzZcWFs9tkhnGayyRibmMwHIpNK+hQMkvU8NBRZJfRJ2jvn9xw40ViT7DbsqbCtpaxIIBOiksbd6GOW4EvStFD+htiK5v0UYblALa0BBJoHGo1gbOelgq+xV/APqXBENSJkOchKX3RithmeIamQRr64GfYjMHg4JJ3is2MstTYB1o87qjGhS3zXxwVY+uOqVF48S40kgH6veNHJS1XRW5SQV4bX97ffE/r55hvN/MhU4z5Jp9PRRnkmJC+xHRljCcoew6AswI91fKrsEAQxdk0YUQ/D75LznfrgQ7le3T3XL1cBhHgSyTFbJGArJHquSYnJAaYeSOPJAn8uzde4/ei/f6NTriDXeWyA94b5/fPZ1j</latexit>



Analysis difficulties in local GD

xm
t+1 = xm

t � �rfm(xm
t )

<latexit sha1_base64="/Ss/hIUrOmuSuaZww6WP6qfoGsY=">AAACFXicbVBNSwMxEM36WetX1aOXYBEUteyqoBeh6MWjglWhrctsmq2hSXZJZsWy9E948a948aCIV8Gb/8a09uDXg2Ee782QzItSKSz6/oc3Mjo2PjFZmCpOz8zOzZcWFs9tkhnGayyRibmMwHIpNK+hQMkvU8NBRZJfRJ2jvn9xw40ViT7DbsqbCtpaxIIBOiksbd6GOW4EvStFD+htiK5v0UYblALa0BBJoHGo1gbOelgq+xV/APqXBENSJkOchKX3RithmeIamQRr64GfYjMHg4JJ3is2MstTYB1o87qjGhS3zXxwVY+uOqVF48S40kgH6veNHJS1XRW5SQV4bX97ffE/r55hvN/MhU4z5Jp9PRRnkmJC+xHRljCcoew6AswI91fKrsEAQxdk0YUQ/D75LznfrgQ7le3T3XL1cBhHgSyTFbJGArJHquSYnJAaYeSOPJAn8uzde4/ei/f6NTriDXeWyA94b5/fPZ1j</latexit>

x̂t
def
=

1

M

MX

m=1

xm
t

<latexit sha1_base64="lsPe/03Qr5ovpF4QY82tokgmabo="></latexit>



Analysis difficulties in local GD

xm
t+1 = xm

t � �rfm(xm
t )

<latexit sha1_base64="/Ss/hIUrOmuSuaZww6WP6qfoGsY=">AAACFXicbVBNSwMxEM36WetX1aOXYBEUteyqoBeh6MWjglWhrctsmq2hSXZJZsWy9E948a948aCIV8Gb/8a09uDXg2Ee782QzItSKSz6/oc3Mjo2PjFZmCpOz8zOzZcWFs9tkhnGayyRibmMwHIpNK+hQMkvU8NBRZJfRJ2jvn9xw40ViT7DbsqbCtpaxIIBOiksbd6GOW4EvStFD+htiK5v0UYblALa0BBJoHGo1gbOelgq+xV/APqXBENSJkOchKX3RithmeIamQRr64GfYjMHg4JJ3is2MstTYB1o87qjGhS3zXxwVY+uOqVF48S40kgH6veNHJS1XRW5SQV4bX97ffE/r55hvN/MhU4z5Jp9PRRnkmJC+xHRljCcoew6AswI91fKrsEAQxdk0YUQ/D75LznfrgQ7le3T3XL1cBhHgSyTFbJGArJHquSYnJAaYeSOPJAn8uzde4/ei/f6NTriDXeWyA94b5/fPZ1j</latexit>

Vt
def
=

1

M

MX

m=1

kxm
t � x̂tk2

<latexit sha1_base64="CsDFHYoojcI5Ak0ompm+p/cvt9E="></latexit>

x̂t
def
=

1

M

MX

m=1

xm
t

<latexit sha1_base64="lsPe/03Qr5ovpF4QY82tokgmabo="></latexit>

gt
def
=

1

M

MX

m=1

rfm(xm
t )

<latexit sha1_base64="u6d56ApFiGX4woHMZucYOmcywxk="></latexit>



Theorem

Choose H such that H 
p
Tp
M
, then � =

p
M

4L
p
T
 1

4HL
, and hence

f(x̂T )� f(x⇤) 
8Lkx0 � x⇤k2p

MT
+

3M�2
f
H2

2LT
.

To get a convergence rate of 1/
p
MT we can choose H = O(T 1/4M�3/4), which

implies a total number of ⌦(T 3/4M3/4) communication steps. If a rate of 1/
p
T

is desired instead, we can choose a larger H = O(T 1/4).
<latexit sha1_base64="YC/RF8b/Ff3DJwq81jzCNEnsZsg="></latexit>



Plots



Plots



Local SGD

xm
t+1 = xm

t � �rfm(xm
t ; ⇠mt )

<latexit sha1_base64="WcKttcLHGZxiDYbIuisgnoie8vI="></latexit>

E⇠krfm(x; ⇠)�rfm(x)k2  �2
<latexit sha1_base64="Pbky/O4rKehZK6sSB0yrhYVciq4="></latexit>

E⇠krfm(x; ⇠)�rfm(x)k2  4LDfm(x, x⇤) + 2�2
<latexit sha1_base64="ckeNncuaFw0mul06bUCCtt3lbTM="></latexit>



Local SGD

xm
t+1 = xm

t � �rfm(xm
t ; ⇠mt )

<latexit sha1_base64="WcKttcLHGZxiDYbIuisgnoie8vI="></latexit>

E⇠krfm(x; ⇠)�rfm(x)k2  4LDfm(x, x⇤) + 2�2
<latexit sha1_base64="ckeNncuaFw0mul06bUCCtt3lbTM="></latexit>

�dif
def
=

1

M

MX

m=1

E⇠krfm(x⇤, ⇠)k2
<latexit sha1_base64="AGNcpAGGCHJmGAS2BlYOWiwgkn0="></latexit>



Local SGD

xm
t+1 = xm

t � �rfm(xm
t ; ⇠mt )

<latexit sha1_base64="WcKttcLHGZxiDYbIuisgnoie8vI="></latexit>

E⇠krfm(x; ⇠)�rfm(x)k2  4LDfm(x, x⇤) + 2�2
<latexit sha1_base64="ckeNncuaFw0mul06bUCCtt3lbTM="></latexit>

Df (x, y) = f(x)� f(y)� hrf(y), x� yi
<latexit sha1_base64="WUrQxD2lyKmIR1GM2GTS3ZNXqgY=">AAACInicbVBNSwMxEM3Wr1q/qh69BIvQgpbdKqgHoagHjxVsFbqlzKbZNjSbXZKsdCn9LV78K148KOpJ8MeYbnvQ6oMwj/dmmMzzIs6Utu1PKzM3v7C4lF3OrayurW/kN7caKowloXUS8lDeeaAoZ4LWNdOc3kWSQuBxeuv1L8b+7T2VioXiRicRbQXQFcxnBLSR2vnTy7ZfHOzjpITPsGElfGBKMi4uB9HlFLsCPA6puo8HB4krU72dL9hlOwX+S5wpKaApau38u9sJSRxQoQkHpZqOHenWEKRmhNNRzo0VjYD0oUubhgoIqGoN0xNHeM8oHeyH0jyhcar+nBhCoFQSeKYzAN1Ts95Y/M9rxto/aQ2ZiGJNBZks8mOOdYjHeeEOk5RonhgCRDLzV0x6IIFok2rOhODMnvyXNCpl57BcuT4qVM+ncWTRDtpFReSgY1RFV6iG6oigB/SEXtCr9Wg9W2/Wx6Q1Y01nttEvWF/fhoagDg==</latexit>

�dif
def
=

1

M

MX

m=1

E⇠krfm(x⇤, ⇠)k2
<latexit sha1_base64="AGNcpAGGCHJmGAS2BlYOWiwgkn0="></latexit>



Theorem

Choose H such that H 
p
Tp
M
, then � =

p
M

8L
p
T
 1

8HL
and

Ef(x̂T )� f(x⇤)  32Lkx̂0�x⇤k2

p
MT

+ 5�2
dif

2L
p
MT

+ �
2
difM(H�1)2

4LT
.

<latexit sha1_base64="DjE2je4R90UfzEDskAkE7Lisr2E=">AAADNHicdVJbaxNBFJ5dbzXeUn305WBWSNSG3a1iX4RiEYI0UCFpC9m4zM7OJkP31p1ZaZjOj/LFH+KLCD4o4qu/wdlkDUmrBwa+Oef7zm0myGPGhW1/NcwrV69dv7Fxs3Hr9p2795qb9w95VhaEDkkWZ8VxgDmNWUqHgomYHucFxUkQ06PgZK+KH32gBWdZOhCznI4TPElZxAgW2uVvGm/3plnGKVg9C3hJpiCmWOgbeDE9BS 8qMJEePy2EHChVo75S1jNNpClY3gQnCYZXa1RNkDuwD0vhajanivVgX1mA0xA8rwHaLC/BYhoE8o2SEbQ93YU8U/6gA1ug72f+k85alm23yn/+l2drmuZ45+/dZZdQFX5a81/oZtgkwb6cFyoSGbJIqYruLjvtryr+w4c+tHtbTqdSPtfKgeouBmj4zZbdtecGl4FTgxaq7cBvfvbCjJQJTQWJMecjx87FWOJCMBJT1fBKTnNMTvCEjjRMcUL5WM4fXcFj7Qkhygp9UgFz76pC4oTzWRJoZjUAvxirnP+KjUoR7YwlS/NS0JQsCkVlDCKD6gdByApKRDzTAJOC6V6BTLHemND/rFqCc3Hky+DQ7TrbXfed29p9Xa9jAz1Ej1AbOegl2kU9dICGiBgfjS/Gd+OH+cn8Zv40fy2oplFrHqA1M3//AXKwAGE=</latexit>
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