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Problem 1

Let X 2 Rn⇥n
++

<latexit sha1_base64="Sri3LqGwwQ70vfLFR5QOylps7Ds=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g4kiBMJuLLQM2lhYRDEPyMYwO5kkQ2Znl5m7Qlj2D2z8FRsLRWxt7fwbJ49CEw9cOJxzL/fe40eCa3CcbyuztLyyupZdz21sbm3v2Lt7dR3GirIaDUWomj7RTHDJasBBsGakGAl8wRr+8HLsNx6Y0jyUdzCKWDsgfcl7nBIwUsc+vmaAC02PS+wFBAa+n9ym94n0gAdMY5l2kmIxLXTsvFNyJsCLxJ2RPJqh2rG/vG5I44BJoIJo3XKdCNoJUcCpYGnOizWLCB2SPmsZKonZ1k4m/6T4yChd3AuVKQl4ov6eSEig9SjwTef4Zj3vjcX/vFYMvfN2wmUUA5N0uqgXCwwhHoeDu1wxCmJkCKGKm1sxHRBFKJgIcyYEd/7lRVIvl9zTUvmmnK9czOLIogN0iE6Qi85QBV2hKqohih7RM3pFb9aT9WK9Wx/T1ow1m9lHf2B9/gDolpvy</latexit>

Find vectors u, v 2 Rn
+ such that

<latexit sha1_base64="ZshlrjUhVEWOmo/c6MDls9PFapE=">AAACGHicbVDLSgNBEJz1GeNr1aOXwUQQlLgbD3oMCuIxinlAEpfZ2UkyZHZ2mekNhCWf4cVf8eJBEa+5+TdOHgdNLGgoqrrp7vJjwTU4zre1tLyyurae2chubm3v7Np7+1UdJYqyCo1EpOo+0UxwySrAQbB6rBgJfcFqfu9m7Nf6TGkeyUcYxKwVko7kbU4JGMmzz2+5DHCfUYiUxvnkDPebXOJmSKDr++nD0Dt9knmsE9rF0CXg2Tmn4EyAF4k7Izk0Q9mzR80goknIJFBBtG64TgytlCjgVLBhtploFhPaIx3WMFSSkOlWOnlsiI+NEuB2pExJwBP190RKQq0HoW86xwfreW8s/uc1EmhftVIu4wSYpNNF7URgiPA4JRxwZSIRA0MIVdzcimmXKELBZJk1IbjzLy+SarHgXhSK98Vc6XoWRwYdoiN0glx0iUroDpVRBVH0jF7RO/qwXqw369P6mrYuWbOZA/QH1ugHEVefKg==</latexit>

W = diag(u)Xdiag(v) is doubly stochastic
<latexit sha1_base64="KLK8Q+2mrEkk8g+cVUXCbpPkNd0=">AAACI3icbVDLSsNAFJ34rPUVdelmsBXaTUnqQhGEohuXFewD2lAmk0k7dJIJ8yiU0H9x46+4caEUNy78F6dtFrb1wMDhnHvv3Hv8hFGpHOfb2tjc2t7Zze3l9w8Oj47tk9Om5Fpg0sCccdH2kSSMxqShqGKknQiCIp+Rlj98mPmtERGS8vhZjRPiRagf05BipIzUs2+LrbtuhNRARGlAUX9S0uX2sjAqFyGVMODaZ2MoFccDJBXFPbvgVJw54DpxM1IAGeo9e9oNONYRiRVmSMqO6yTKS5EwwxiZ5LtakgThIeqTjqExioj00vmNE3hplACGXJgXKzhX/3akKJJyHPmmcra9XPVm4n9eR6vwxktpnGhFYrz4KNQMKg5ngcGACoKVudykgQU1u0ITgEBYmVjzJgR39eR10qxW3KtK9alaqN1nceTAObgAJeCCa1ADj6AOGgCDF/AGPsCn9Wq9W1Pra1G6YWU9Z2AJ1s8vI06klg==</latexit>
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Let $X\in \mathbb{R}^{n\times n}_{++}$

Find vectors u, v 2 Rn
+ such that
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Find vectors $u, v\in \mathbb{R}_+^n$ such that

$W=\mathrm{diag}(u)X\mathrm{diag}(v)$ is doubly stochastic

nX

i=1

Wij = 1 for any j
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\sum_{i=1}^n W_{ij}=1\quad \text{for any } j

nX

j=1

Wij = 1 for any i
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W = diag(u)Xdiag(v) is doubly stochastic
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Wij � 0
<latexit sha1_base64="atfYZ/O6iOnzDChnKiGDeeTDS7c=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3btZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2E2gjYvWAkwT8iA2VCAVnaKVuu5+Jx2lvCNTtlytu1Z2DrhIvJxWSo9Evf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn85On9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ39TwdCA0c5sYRxLeytlI+YZhxtSiUbgrf88ipp1areRbV2f1mp3+RxFMkJOSXnxCNXpE7uSIM0CScxeSav5M1B58V5dz4WrQUnnzkmf+B8/gC+ppDl</latexit>



Problem 2

\min_{X\in\mathbb{R}^{n\times n}} \sum_{i,j=1}^n C_{ij} X_{ij}\quad \text{s.t. } X\mathbf{1}=\mathbf{1}, X^\top \mathbf{1}=\mathbf{1}, X\ge 
0

doubly stochastic
<latexit sha1_base64="QbpGgn2poU28p6pPQ7elDIH3yM0=">AAAB+nicbVC7TsMwFHV4lvJKYWSxqJCYqqQMMFawMBaJPqQ2qhzHaa06dmTfgKrQT2FhACFWvoSNv8FtM0DLkSwdnXPv9b0nTAU34Hnfztr6xubWdmmnvLu3f3DoVo7aRmWashZVQuluSAwTXLIWcBCsm2pGklCwTji+mfmdB6YNV/IeJikLEjKUPOaUgJUGbiVSWSgm2ICiI2KA04Fb9WreHHiV+AWpogLNgfvVjxTNEiaBCmJMz/dSCHKi7TDBpuV+ZlhK6JgMWc9SSRJmgny++hSfWSXCsdL2ScBz9XdHThJjJkloKxMCI7PszcT/vF4G8VWQc5lmwCRdfBRnAoPCsxxwxDWjYC+POKGa212xDUATCjatsg3BXz55lbTrNf+iVr+rVxvXRRwldIJO0Tny0SVqoFvURC1E0SN6Rq/ozXlyXpx352NRuuYUPcfoD5zPH6FdlDs=</latexit>

min
X2Rn⇥n

nX

i,j=1

CijXij s.t. X1 = 1, X>1 = 1, X � 0

<latexit sha1_base64="zoKIkpGprxy9RdUbdItoRDD+o/g="></latexit>

\min_{X\in\mathbb{R}^{n\times n}} \sum_{i,j=1}^n \left(C_{ij} X_{ij} +\gamma X_{ij}\log X_{ij}\right)\quad \text{s.t. } X\mathbf{1}
=\mathbf{1}, X^\top \mathbf{1}=\mathbf{1}

\min_{X\in\mathbb{R}^{n\times n}} \sum_{i,j=1}^n \mathcal{KL}
(X||X^0)\quad \text{s.t. } X\mathbf{1}=\mathbf{1}, X^\top \mathbf{1}=\mathbf{1}

\text{where }X^0\overset{\text{def}}{=} \exp\left(-\frac{C}{\gamma}\right) \text{ coordinate-wise}

\mathcal{KL}
(X||X^0) \overset{\text{def}}{=} \sum_{i,j=1}^n \Bigl(X_{ij}\log \frac{X_{ij}}{X^0_{ij}}-X_{ij}+X_{ij}^0 \Bigr)
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min
X2Rn⇥n

nX

i,j=1

(CijXij + �Xij logXij) s.t. X1 = 1, X>1 = 1
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coordinate-wise

<latexit sha1_base64="tLG0BlW2NOtO06znzqWzV8zjp9Y="></latexit>

\text{where }X^0\overset{\text{def}}{=} \exp\left(-\frac{C}{\gamma}\right) \text{ coordinate-wise}

KL(X||X0)
def
=

nX

i,j=1

⇣
Xij log

Xij

X0
ij

�Xij +X0
ij

⌘

<latexit sha1_base64="SzDo3dhqf0yXQ9FOJHooJDzLeCM="></latexit>

\mathcal{KL}
(X||X^0) \overset{\text{def}}{=} \sum_{i,j=1}^n \Bigl(X_{ij}\log \frac{X_{ij}}{X^0_{ij}}-X_{ij}+X_{ij}^0 \Bigr)

min
X2Rn⇥n

KL(X||X0) s.t. X1 = 1, X>1 = 1
<latexit sha1_base64="AA+e7qON7tAZM8eKSHqsKV/yQsw="></latexit>
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\mathcal{KL}
(X||X^0) \overset{\text{def}}{=} \sum_{i,j=1}^n \Bigl(X_{ij}\log \frac{X_{ij}}{X^0_{ij}}-X_{ij}+X_{ij}^0 \Bigr)
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Problem 3

\min_x\Bigl\{\mathcal{KL}
(Ax||b) =\sum_{i}^n \Bigl(\langle a_i, x\rangle\log \frac{\langle a_i, x\rangle}{b_i}-\langle a_i, x\rangle+b_i \Bigr) \Bigr\}

x = vec(X) 2 Rd, d = n · n
<latexit sha1_base64="VZFmJECIuWBcUjxxaZ+t76JCMes=">AAACFnicbVDLSgMxFM3UV62vqks3wSJU0DJTBd0Uim5cVrEP6Iwlk8m0oUlmSDLFMvQr3Pgrblwo4lbc+Temj4VWDwQO55xL7j1+zKjStv1lZRYWl5ZXsqu5tfWNza389k5DRYnEpI4jFsmWjxRhVJC6ppqRViwJ4j4jTb9/OfabAyIVjcStHsbE46graEgx0kbq5I/vKy5Huid5OiB4VGwdulRMFN9Pb0Z3wZELg4pwcRBpaPIFu2RPAP8SZ0YKYIZaJ//pBhFOOBEaM6RU27Fj7aVIaooZGeXcRJEY4T7qkrahAnGivHRy1ggeGCWAYSTNExpO1J8TKeJKDblvkuOF1bw3Fv/z2okOz72UijjRRODpR2HCoI7guCMYUEmwZkNDEJbU7ApxD0mEtWkyZ0pw5k/+SxrlknNSKl+fFqoXszqyYA/sgyJwwBmogitQA3WAwQN4Ai/g1Xq0nq03630azVizmV3wC9bHNwAanz4=</latexit>

a1 = (1, 1, . . . , 1, 0, . . . , 0)
<latexit sha1_base64="b2MV30rimIaSMXFFR1q49p+JNBk=">AAACDnicbVDLSgMxFM34rPU16tJNsBQqSJmpgm6EohuXFewD2mHIpJk2NPMguSOUoV/gxl9x40IRt67d+Tem0wG19ZDAybn3cHOPFwuuwLK+jKXlldW19cJGcXNre2fX3NtvqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqf19j2TikfhHYxj5gRkEHKfUwJacs0ycW18iSv2Cdan149A0YxaPy/r2DVLVtXKgBeJnZMSytFwzU9tpknAQqCCKNW1rRiclEjgVLBJsZcoFhM6IgPW1TQkAVNOmq0zwWWt9LEfSX1DwJn625GSQKlx4OnOgMBQzdem4n+1bgL+hZPyME6AhXQ2yE8EhghPs8F9LhkFMdaEUMn1XzEdEkko6ASLOgR7fuVF0qpV7dNq7fasVL/K4yigQ3SEKshG56iOblADNRFFD+gJvaBX49F4Nt6M91nrkpF7DtAfGB/fze2XjQ==</latexit> · · ·<latexit sha1_base64="L3BF3XOXcxpSmPqGHoWP25tHrPc=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY2kxmSO0IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVm8Qown65Ypbdecgq8TLSQVyNPrlLxtkacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nt52SM6sMSBhr+xSSufo7kdHImEkU2MmI4sgsezPxP6+bYnjtZ0IlKXLFFh+FqSQYk9npZCA0ZygnllCmhd2VsBHVlKEtqGRL8JZPXiWtWtW7qNbuLyv1m7yOIpzAKZyDB1dQhztoQBMYPMIzvMKbEzsvzrvzsRgtOHnmGP7A+fwBrk+PMg==</latexit>

ai = (0, . . . , 0, 1, . . . , 1| {z }
i�th block

, 0, . . . , 0)

<latexit sha1_base64="cGq/Ht4qJ/3tqWDfi4dMT03SwzQ="></latexit>

a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

X^\top \mathbf{1}=\mathbf{1}

X1 = 1
<latexit sha1_base64="KbodkH5BKqMgoNbj6NCr5kz5dJM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KUgXdCEU3LivYC7ShTKaTduhkEmYmQgnZ+CpuXCji1sdw59s4aQNq6w8DH/85hznn92POlHacL2tpeWV1bb20Ud7c2t7Ztff2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzd5vf1ApWKRuNeTmHohHgoWMIK1sfr2YQf1QqxHfpC62dUP9u2KU3WmQovgFlCBQo2+/dkbRCQJqdCEY6W6rhNrL8VSM8JpVu4lisaYjPGQdg0KHFLlpdMDMnRinAEKImme0Gjq/p5IcajUJPRNZ76hmq/l5n+1bqKDSy9lIk40FWT2UZBwpCOUp4EGTFKi+cQAJpKZXREZYYmJNpmVTQju/MmL0KpV3bNq7e68Ur8u4ijBERzDKbhwAXW4hQY0gUAGT/ACr9aj9Wy9We+z1iWrmDmAP7I+vgFLzJY4</latexit>



Problem 3

\min_x\Bigl\{\mathcal{KL}
(Ax||b) =\sum_{i}^n \Bigl(\langle a_i, x\rangle\log \frac{\langle a_i, x\rangle}{b_i}-\langle a_i, x\rangle+b_i \Bigr) \Bigr\}

x = vec(X) 2 Rd, d = n · n
<latexit sha1_base64="VZFmJECIuWBcUjxxaZ+t76JCMes=">AAACFnicbVDLSgMxFM3UV62vqks3wSJU0DJTBd0Uim5cVrEP6Iwlk8m0oUlmSDLFMvQr3Pgrblwo4lbc+Temj4VWDwQO55xL7j1+zKjStv1lZRYWl5ZXsqu5tfWNza389k5DRYnEpI4jFsmWjxRhVJC6ppqRViwJ4j4jTb9/OfabAyIVjcStHsbE46graEgx0kbq5I/vKy5Huid5OiB4VGwdulRMFN9Pb0Z3wZELg4pwcRBpaPIFu2RPAP8SZ0YKYIZaJ//pBhFOOBEaM6RU27Fj7aVIaooZGeXcRJEY4T7qkrahAnGivHRy1ggeGCWAYSTNExpO1J8TKeJKDblvkuOF1bw3Fv/z2okOz72UijjRRODpR2HCoI7guCMYUEmwZkNDEJbU7ApxD0mEtWkyZ0pw5k/+SxrlknNSKl+fFqoXszqyYA/sgyJwwBmogitQA3WAwQN4Ai/g1Xq0nq03630azVizmV3wC9bHNwAanz4=</latexit>

a1 = (1, 1, . . . , 1, 0, . . . , 0)
<latexit sha1_base64="b2MV30rimIaSMXFFR1q49p+JNBk=">AAACDnicbVDLSgMxFM34rPU16tJNsBQqSJmpgm6EohuXFewD2mHIpJk2NPMguSOUoV/gxl9x40IRt67d+Tem0wG19ZDAybn3cHOPFwuuwLK+jKXlldW19cJGcXNre2fX3NtvqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqf19j2TikfhHYxj5gRkEHKfUwJacs0ycW18iSv2Cdan149A0YxaPy/r2DVLVtXKgBeJnZMSytFwzU9tpknAQqCCKNW1rRiclEjgVLBJsZcoFhM6IgPW1TQkAVNOmq0zwWWt9LEfSX1DwJn625GSQKlx4OnOgMBQzdem4n+1bgL+hZPyME6AhXQ2yE8EhghPs8F9LhkFMdaEUMn1XzEdEkko6ASLOgR7fuVF0qpV7dNq7fasVL/K4yigQ3SEKshG56iOblADNRFFD+gJvaBX49F4Nt6M91nrkpF7DtAfGB/fze2XjQ==</latexit> · · ·<latexit sha1_base64="L3BF3XOXcxpSmPqGHoWP25tHrPc=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY2kxmSO0IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVm8Qown65Ypbdecgq8TLSQVyNPrlLxtkacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nt52SM6sMSBhr+xSSufo7kdHImEkU2MmI4sgsezPxP6+bYnjtZ0IlKXLFFh+FqSQYk9npZCA0ZygnllCmhd2VsBHVlKEtqGRL8JZPXiWtWtW7qNbuLyv1m7yOIpzAKZyDB1dQhztoQBMYPMIzvMKbEzsvzrvzsRgtOHnmGP7A+fwBrk+PMg==</latexit>

ai = (0, . . . , 0, 1, . . . , 1| {z }
i�th block

, 0, . . . , 0)

<latexit sha1_base64="cGq/Ht4qJ/3tqWDfi4dMT03SwzQ="></latexit>

a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

X^\top \mathbf{1}=\mathbf{1}

X1 = 1
<latexit sha1_base64="KbodkH5BKqMgoNbj6NCr5kz5dJM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KUgXdCEU3LivYC7ShTKaTduhkEmYmQgnZ+CpuXCji1sdw59s4aQNq6w8DH/85hznn92POlHacL2tpeWV1bb20Ud7c2t7Ztff2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzd5vf1ApWKRuNeTmHohHgoWMIK1sfr2YQf1QqxHfpC62dUP9u2KU3WmQovgFlCBQo2+/dkbRCQJqdCEY6W6rhNrL8VSM8JpVu4lisaYjPGQdg0KHFLlpdMDMnRinAEKImme0Gjq/p5IcajUJPRNZ76hmq/l5n+1bqKDSy9lIk40FWT2UZBwpCOUp4EGTFKi+cQAJpKZXREZYYmJNpmVTQju/MmL0KpV3bNq7e68Ur8u4ijBERzDKbhwAXW4hQY0gUAGT/ACr9aj9Wy9We+z1iWrmDmAP7I+vgFLzJY4</latexit>

same for X>1 = 1
<latexit sha1_base64="qI/YqXyJ1460/Lo0bbaWb5DBu54=">AAACFXicbVDLSsNAFJ3UV62vqks3g0VwISWpgm6EohuXFewDmlgm00k7dJIJMzdiCf0JN/6KGxeKuBXc+TdO24DaelaHc+7lnnv8WHANtv1l5RYWl5ZX8quFtfWNza3i9k5Dy0RRVqdSSNXyiWaCR6wOHARrxYqR0Bes6Q8ux37zjinNZXQDw5h5IelFPOCUgJE6xSMX2D2kmoQMB1LhUevWBRljNyTQ94PUGZ3/0E6xZJftCfA8cTJSQhlqneKn25U0CVkEVBCt244dg5cSBZwKNiq4iWYxoQPSY21DI5NCe+nkqxE+MEp3EiqQEeCJ+nsjJaHWw9A3k+OEetYbi/957QSCMy/lUZwAi+j0UJAIDBKPK8JdrhgFMTSEUMVNVkz7RBEKpsiCKcGZfXmeNCpl57hcuT4pVS+yOvJoD+2jQ+SgU1RFV6iG6oiiB/SEXtCr9Wg9W2/W+3Q0Z2U7u+gPrI9vDLOfXQ==</latexit>

A =

0

BBB@

a1
a2
...

am

1

CCCA

<latexit sha1_base64="wt+gASjeC/eKBxsV5vkwW19gGfg=">AAACI3icbVDLSgMxFM34rPU16tJNsAiuykwVFEGounFZwT6gU4ZM5rYNzWSGJFMsQ//Fjb/ixoVS3LjwX0wfiLZeCDmccy733hMknCntOJ/W0vLK6tp6biO/ubW9s2vv7ddUnEoKVRrzWDYCooAzAVXNNIdGIoFEAYd60Lsd6/U+SMVi8aAHCbQi0hGszSjRhvLty+urvBdAh4ksiYiW7HFIfBd7HiZ+afx5/TDWakpEHojwx+fbBafoTAovAncGCmhWFd8eeWFM0wiEppwo1XSdRLcyIjWjHIZ5L1WQENojHWgaKEgEqpVNbhziY8OEuB1L84TGE/Z3R0YipQZRYJxmv66a18bkf1oz1e2LVsZEkmoQdDqonXKsYzwODIdMAtV8YAChkpldMe0SSag2seZNCO78yYugViq6p8XS/VmhfDOLI4cO0RE6QS46R2V0hyqoiih6Qi/oDb1bz9arNbI+ptYla9ZzgP6U9fUN/vWj7Q==</latexit>



Problem 3

\min_x\Bigl\{\mathcal{KL}
(Ax||b) =\sum_{i}^{2n} \Bigl(\langle a_i, x\rangle\log \frac{\langle a_i, x\rangle}{b_i}-\langle a_i, x\rangle+b_i \Bigr) \Bigr\}

x = vec(X) 2 Rd, d = n · n
<latexit sha1_base64="VZFmJECIuWBcUjxxaZ+t76JCMes=">AAACFnicbVDLSgMxFM3UV62vqks3wSJU0DJTBd0Uim5cVrEP6Iwlk8m0oUlmSDLFMvQr3Pgrblwo4lbc+Temj4VWDwQO55xL7j1+zKjStv1lZRYWl5ZXsqu5tfWNza389k5DRYnEpI4jFsmWjxRhVJC6ppqRViwJ4j4jTb9/OfabAyIVjcStHsbE46graEgx0kbq5I/vKy5Huid5OiB4VGwdulRMFN9Pb0Z3wZELg4pwcRBpaPIFu2RPAP8SZ0YKYIZaJ//pBhFOOBEaM6RU27Fj7aVIaooZGeXcRJEY4T7qkrahAnGivHRy1ggeGCWAYSTNExpO1J8TKeJKDblvkuOF1bw3Fv/z2okOz72UijjRRODpR2HCoI7guCMYUEmwZkNDEJbU7ApxD0mEtWkyZ0pw5k/+SxrlknNSKl+fFqoXszqyYA/sgyJwwBmogitQA3WAwQN4Ai/g1Xq0nq03630azVizmV3wC9bHNwAanz4=</latexit>

a1 = (1, 1, . . . , 1, 0, . . . , 0)
<latexit sha1_base64="b2MV30rimIaSMXFFR1q49p+JNBk=">AAACDnicbVDLSgMxFM34rPU16tJNsBQqSJmpgm6EohuXFewD2mHIpJk2NPMguSOUoV/gxl9x40IRt67d+Tem0wG19ZDAybn3cHOPFwuuwLK+jKXlldW19cJGcXNre2fX3NtvqSiRlDVpJCLZ8YhigoesCRwE68SSkcATrO2Nrqf19j2TikfhHYxj5gRkEHKfUwJacs0ycW18iSv2Cdan149A0YxaPy/r2DVLVtXKgBeJnZMSytFwzU9tpknAQqCCKNW1rRiclEjgVLBJsZcoFhM6IgPW1TQkAVNOmq0zwWWt9LEfSX1DwJn625GSQKlx4OnOgMBQzdem4n+1bgL+hZPyME6AhXQ2yE8EhghPs8F9LhkFMdaEUMn1XzEdEkko6ASLOgR7fuVF0qpV7dNq7fasVL/K4yigQ3SEKshG56iOblADNRFFD+gJvaBX49F4Nt6M91nrkpF7DtAfGB/fze2XjQ==</latexit> · · ·<latexit sha1_base64="L3BF3XOXcxpSmPqGHoWP25tHrPc=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY2kxmSO0IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVm8Qown65Ypbdecgq8TLSQVyNPrlLxtkacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nt52SM6sMSBhr+xSSufo7kdHImEkU2MmI4sgsezPxP6+bYnjtZ0IlKXLFFh+FqSQYk9npZCA0ZygnllCmhd2VsBHVlKEtqGRL8JZPXiWtWtW7qNbuLyv1m7yOIpzAKZyDB1dQhztoQBMYPMIzvMKbEzsvzrvzsRgtOHnmGP7A+fwBrk+PMg==</latexit>

ai = (0, . . . , 0, 1, . . . , 1| {z }
i�th block

, 0, . . . , 0)

<latexit sha1_base64="cGq/Ht4qJ/3tqWDfi4dMT03SwzQ="></latexit>

a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

X^\top \mathbf{1}=\mathbf{1}

X1 = 1
<latexit sha1_base64="KbodkH5BKqMgoNbj6NCr5kz5dJM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KUgXdCEU3LivYC7ShTKaTduhkEmYmQgnZ+CpuXCji1sdw59s4aQNq6w8DH/85hznn92POlHacL2tpeWV1bb20Ud7c2t7Ztff2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzd5vf1ApWKRuNeTmHohHgoWMIK1sfr2YQf1QqxHfpC62dUP9u2KU3WmQovgFlCBQo2+/dkbRCQJqdCEY6W6rhNrL8VSM8JpVu4lisaYjPGQdg0KHFLlpdMDMnRinAEKImme0Gjq/p5IcajUJPRNZ76hmq/l5n+1bqKDSy9lIk40FWT2UZBwpCOUp4EGTFKi+cQAJpKZXREZYYmJNpmVTQju/MmL0KpV3bNq7e68Ur8u4ijBERzDKbhwAXW4hQY0gUAGT/ACr9aj9Wy9We+z1iWrmDmAP7I+vgFLzJY4</latexit>

same for X>1 = 1
<latexit sha1_base64="qI/YqXyJ1460/Lo0bbaWb5DBu54=">AAACFXicbVDLSsNAFJ3UV62vqks3g0VwISWpgm6EohuXFewDmlgm00k7dJIJMzdiCf0JN/6KGxeKuBXc+TdO24DaelaHc+7lnnv8WHANtv1l5RYWl5ZX8quFtfWNza3i9k5Dy0RRVqdSSNXyiWaCR6wOHARrxYqR0Bes6Q8ux37zjinNZXQDw5h5IelFPOCUgJE6xSMX2D2kmoQMB1LhUevWBRljNyTQ94PUGZ3/0E6xZJftCfA8cTJSQhlqneKn25U0CVkEVBCt244dg5cSBZwKNiq4iWYxoQPSY21DI5NCe+nkqxE+MEp3EiqQEeCJ+nsjJaHWw9A3k+OEetYbi/957QSCMy/lUZwAi+j0UJAIDBKPK8JdrhgFMTSEUMVNVkz7RBEKpsiCKcGZfXmeNCpl57hcuT4pVS+yOvJoD+2jQ+SgU1RFV6iG6oiiB/SEXtCr9Wg9W2/W+3Q0Z2U7u+gPrI9vDLOfXQ==</latexit>

A=
\begin{pmatrix}a_1 \\ a_2 \\ \vdots \\ a_m\end{pmatrix}

min
x

n
KL(Ax||b) =

2nX

i

⇣
hai, xi log

hai, xi
bi

� hai, xi+ bi
⌘o

<latexit sha1_base64="bcuRRXeVuKjcKjaE/AmNTHdRu3I="></latexit>



One method to solve them all
a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

W = diag(u)Xdiag(v) is doubly stochastic
<latexit sha1_base64="KLK8Q+2mrEkk8g+cVUXCbpPkNd0=">AAACI3icbVDLSsNAFJ34rPUVdelmsBXaTUnqQhGEohuXFewD2lAmk0k7dJIJ8yiU0H9x46+4caEUNy78F6dtFrb1wMDhnHvv3Hv8hFGpHOfb2tjc2t7Zze3l9w8Oj47tk9Om5Fpg0sCccdH2kSSMxqShqGKknQiCIp+Rlj98mPmtERGS8vhZjRPiRagf05BipIzUs2+LrbtuhNRARGlAUX9S0uX2sjAqFyGVMODaZ2MoFccDJBXFPbvgVJw54DpxM1IAGeo9e9oNONYRiRVmSMqO6yTKS5EwwxiZ5LtakgThIeqTjqExioj00vmNE3hplACGXJgXKzhX/3akKJJyHPmmcra9XPVm4n9eR6vwxktpnGhFYrz4KNQMKg5ngcGACoKVudykgQU1u0ITgEBYmVjzJgR39eR10qxW3KtK9alaqN1nceTAObgAJeCCa1ADj6AOGgCDF/AGPsCn9Wq9W1Pra1G6YWU9Z2AJ1s8vI06klg==</latexit>

1. Normalize all rows
<latexit sha1_base64="ptE3t/4FBwHINnCkQv6k4nPFb74=">AAAB/nicbVA9SwNBEN2LXzF+nYqVzWIQrMJdLLQM2lhJBPMB8Qh7m7lkye7tsbunxCPgX7GxUMTW32Hnv3GTXKGJDwYe780wMy9MONPG876dwtLyyupacb20sbm1vePu7jW1TBWFBpVcqnZINHAWQ8Mww6GdKCAi5NAKh5cTv3UPSjMZ35pRAoEg/ZhFjBJjpa574FfwtVSCcPYImHCOlXzQXbfsVbwp8CLxc1JGOepd9+uuJ2kqIDaUE607vpeYICPKMMphXLpLNSSEDkkfOpbGRIAOsun5Y3xslR6OpLIVGzxVf09kRGg9EqHtFMQM9Lw3Ef/zOqmJzoOMxUlqIKazRVHKsZF4kgXuMQXU8JElhCpmb8V0QBShxiZWsiH48y8vkma14p9WqjfVcu0ij6OIDtEROkE+OkM1dIXqqIEoytAzekVvzpPz4rw7H7PWgpPP7KM/cD5/AB36lPM=</latexit>

2. Normalize all columns
<latexit sha1_base64="0soFTyc4LuJct7N8+bD/1UPVRFk=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQrJbdtdAyaGMlEcwD4hJmJ7PJkHksM7NCXGLjr9hYKGLrX9j5N06SLTTxwIXDOffO3HvilFFtfP/bKS0tr6yuldcrG5tb2zvu7l5Ty0xh0sCSSdWOkSaMCtIw1DDSThVBPGakFQ8vJ37rnihNpbg1o5REHPUFTShGxkpd9yD04LVUHDH6QCBiDNo3My501636nj8FXCRBQaqgQL3rft31JM44EQYzpHUn8FMT5UgZihkZV+4yTVKEh6hPOpYKxImO8ukFY3hslR5MpLIlDJyqvydyxLUe8dh2cmQGet6biP95ncwk51FORZoZIvDsoyRj0Eg4iQP2qCLYsJElCCtqd4V4gBTCxoZWsSEE8ycvkmboBadeeBNWaxdFHGVwCI7ACQjAGaiBK1AHDYDBI3gGr+DNeXJenHfnY9ZacoqZffAHzucPfDaWSA==</latexit>

Loop
<latexit sha1_base64="OVJTgvU4yYJEiULSWsc/AaoGE3s=">AAAB63icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWgZtLCwimAckS5idzCZD5rHMzAphyS/YWChi6w/Z+TfOJlto4oELh3Pu5d57ooQzY33/21tb39jc2i7tlHf39g8OK0fHbaNSTWiLKK50N8KGciZpyzLLaTfRFIuI0040uc39zhPVhin5aKcJDQUeSRYzgm0u3SuVDCpVv+bPgVZJUJAqFGgOKl/9oSKpoNISjo3pBX5iwwxrywins3I/NTTBZIJHtOeoxIKaMJvfOkPnThmiWGlX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vg4zJpPUUkkWi+KUI6tQ/jgaMk2J5VNHMNHM3YrIGGtMrIun7EIIll9eJe16Lbis1R/q1cZNEUcJTuEMLiCAK2jAHTShBQTG8Ayv8OYJ78V79z4WrWteMXMCf+B9/gAPf44+</latexit> {

<latexit sha1_base64="9huySa7Vmjhja8TKIodLXIBICi8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5iEcugjWUU8wHJEfY2c8mSvb1jd08IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzTRBP6IjyUPOqLHSQz8blCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCaz/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10q5Vvatq7b5WadzkcRThDM7hEjyoQwPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB5wyjWc=</latexit>

X^{k+1}=\arg\min_{X\mathbf{1}=\mathbf{1}}\left\{\mathcal{KL}(X||X^k) \right\}

X^{k+2}=\arg\min_{X^\top\mathbf{1}=\mathbf{1}}\left\{\mathcal{KL}(X||X^{k+1}) \right\}

f_1(x)=\mathcal{KL}(A_{\text{rows}}x||\mathbf{1}),\ f_2(x)=\mathcal{KL}(A_{\text{cols}}x||\mathbf{1})



One method to solve them all
a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

1. Normalize all rows
<latexit sha1_base64="ptE3t/4FBwHINnCkQv6k4nPFb74=">AAAB/nicbVA9SwNBEN2LXzF+nYqVzWIQrMJdLLQM2lhJBPMB8Qh7m7lkye7tsbunxCPgX7GxUMTW32Hnv3GTXKGJDwYe780wMy9MONPG876dwtLyyupacb20sbm1vePu7jW1TBWFBpVcqnZINHAWQ8Mww6GdKCAi5NAKh5cTv3UPSjMZ35pRAoEg/ZhFjBJjpa574FfwtVSCcPYImHCOlXzQXbfsVbwp8CLxc1JGOepd9+uuJ2kqIDaUE607vpeYICPKMMphXLpLNSSEDkkfOpbGRIAOsun5Y3xslR6OpLIVGzxVf09kRGg9EqHtFMQM9Lw3Ef/zOqmJzoOMxUlqIKazRVHKsZF4kgXuMQXU8JElhCpmb8V0QBShxiZWsiH48y8vkma14p9WqjfVcu0ij6OIDtEROkE+OkM1dIXqqIEoytAzekVvzpPz4rw7H7PWgpPP7KM/cD5/AB36lPM=</latexit>

2. Normalize all columns
<latexit sha1_base64="0soFTyc4LuJct7N8+bD/1UPVRFk=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQrJbdtdAyaGMlEcwD4hJmJ7PJkHksM7NCXGLjr9hYKGLrX9j5N06SLTTxwIXDOffO3HvilFFtfP/bKS0tr6yuldcrG5tb2zvu7l5Ty0xh0sCSSdWOkSaMCtIw1DDSThVBPGakFQ8vJ37rnihNpbg1o5REHPUFTShGxkpd9yD04LVUHDH6QCBiDNo3My501636nj8FXCRBQaqgQL3rft31JM44EQYzpHUn8FMT5UgZihkZV+4yTVKEh6hPOpYKxImO8ukFY3hslR5MpLIlDJyqvydyxLUe8dh2cmQGet6biP95ncwk51FORZoZIvDsoyRj0Eg4iQP2qCLYsJElCCtqd4V4gBTCxoZWsSEE8ycvkmboBadeeBNWaxdFHGVwCI7ACQjAGaiBK1AHDYDBI3gGr+DNeXJenHfnY9ZacoqZffAHzucPfDaWSA==</latexit>

Loop
<latexit sha1_base64="OVJTgvU4yYJEiULSWsc/AaoGE3s=">AAAB63icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWgZtLCwimAckS5idzCZD5rHMzAphyS/YWChi6w/Z+TfOJlto4oELh3Pu5d57ooQzY33/21tb39jc2i7tlHf39g8OK0fHbaNSTWiLKK50N8KGciZpyzLLaTfRFIuI0040uc39zhPVhin5aKcJDQUeSRYzgm0u3SuVDCpVv+bPgVZJUJAqFGgOKl/9oSKpoNISjo3pBX5iwwxrywins3I/NTTBZIJHtOeoxIKaMJvfOkPnThmiWGlX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vg4zJpPUUkkWi+KUI6tQ/jgaMk2J5VNHMNHM3YrIGGtMrIun7EIIll9eJe16Lbis1R/q1cZNEUcJTuEMLiCAK2jAHTShBQTG8Ayv8OYJ78V79z4WrWteMXMCf+B9/gAPf44+</latexit> {

<latexit sha1_base64="9huySa7Vmjhja8TKIodLXIBICi8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5iEcugjWUU8wHJEfY2c8mSvb1jd08IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzTRBP6IjyUPOqLHSQz8blCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCaz/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10q5Vvatq7b5WadzkcRThDM7hEjyoQwPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB5wyjWc=</latexit>

Xk+1 = arg min
X1=1

�
KL(X||Xk)

 
<latexit sha1_base64="k6QPYxTrU4zn7H5kUtEbOWHA/kk="></latexit>

X^{k+1}=\arg\min_{X\mathbf{1}=\mathbf{1}}\left\{\mathcal{KL}(X||X^k) \right\}

Xk+2 = arg min
X>1=1

�
KL(X||Xk+1)

 
<latexit sha1_base64="QWYKY5QBmfHc9bs4+IoCbz8bb+Y="></latexit>

{
<latexit sha1_base64="9huySa7Vmjhja8TKIodLXIBICi8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5iEcugjWUU8wHJEfY2c8mSvb1jd08IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzTRBP6IjyUPOqLHSQz8blCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCaz/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10q5Vvatq7b5WadzkcRThDM7hEjyoQwPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB5wyjWc=</latexit>

Loop
<latexit sha1_base64="OVJTgvU4yYJEiULSWsc/AaoGE3s=">AAAB63icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWgZtLCwimAckS5idzCZD5rHMzAphyS/YWChi6w/Z+TfOJlto4oELh3Pu5d57ooQzY33/21tb39jc2i7tlHf39g8OK0fHbaNSTWiLKK50N8KGciZpyzLLaTfRFIuI0040uc39zhPVhin5aKcJDQUeSRYzgm0u3SuVDCpVv+bPgVZJUJAqFGgOKl/9oSKpoNISjo3pBX5iwwxrywins3I/NTTBZIJHtOeoxIKaMJvfOkPnThmiWGlX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vg4zJpPUUkkWi+KUI6tQ/jgaMk2J5VNHMNHM3YrIGGtMrIun7EIIll9eJe16Lbis1R/q1cZNEUcJTuEMLiCAK2jAHTShBQTG8Ayv8OYJ78V79z4WrWteMXMCf+B9/gAPf44+</latexit>

X^{k+2}=\arg\min_{X^\top\mathbf{1}=\mathbf{1}}\left\{\mathcal{KL}(X||X^{k+1}) \right\}

f_1(x)=\mathcal{KL}(A_{\text{rows}}x||\mathbf{1}),\ f_2(x)=\mathcal{KL}(A_{\text{cols}}x||\mathbf{1})min
X2Rn⇥n

KL(X||X0) s.t. X1 = 1, X>1 = 1
<latexit sha1_base64="AA+e7qON7tAZM8eKSHqsKV/yQsw="></latexit>



One method to solve them all
a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

1. Normalize all rows
<latexit sha1_base64="ptE3t/4FBwHINnCkQv6k4nPFb74=">AAAB/nicbVA9SwNBEN2LXzF+nYqVzWIQrMJdLLQM2lhJBPMB8Qh7m7lkye7tsbunxCPgX7GxUMTW32Hnv3GTXKGJDwYe780wMy9MONPG876dwtLyyupacb20sbm1vePu7jW1TBWFBpVcqnZINHAWQ8Mww6GdKCAi5NAKh5cTv3UPSjMZ35pRAoEg/ZhFjBJjpa574FfwtVSCcPYImHCOlXzQXbfsVbwp8CLxc1JGOepd9+uuJ2kqIDaUE607vpeYICPKMMphXLpLNSSEDkkfOpbGRIAOsun5Y3xslR6OpLIVGzxVf09kRGg9EqHtFMQM9Lw3Ef/zOqmJzoOMxUlqIKazRVHKsZF4kgXuMQXU8JElhCpmb8V0QBShxiZWsiH48y8vkma14p9WqjfVcu0ij6OIDtEROkE+OkM1dIXqqIEoytAzekVvzpPz4rw7H7PWgpPP7KM/cD5/AB36lPM=</latexit>

2. Normalize all columns
<latexit sha1_base64="0soFTyc4LuJct7N8+bD/1UPVRFk=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQrJbdtdAyaGMlEcwD4hJmJ7PJkHksM7NCXGLjr9hYKGLrX9j5N06SLTTxwIXDOffO3HvilFFtfP/bKS0tr6yuldcrG5tb2zvu7l5Ty0xh0sCSSdWOkSaMCtIw1DDSThVBPGakFQ8vJ37rnihNpbg1o5REHPUFTShGxkpd9yD04LVUHDH6QCBiDNo3My501636nj8FXCRBQaqgQL3rft31JM44EQYzpHUn8FMT5UgZihkZV+4yTVKEh6hPOpYKxImO8ukFY3hslR5MpLIlDJyqvydyxLUe8dh2cmQGet6biP95ncwk51FORZoZIvDsoyRj0Eg4iQP2qCLYsJElCCtqd4V4gBTCxoZWsSEE8ycvkmboBadeeBNWaxdFHGVwCI7ACQjAGaiBK1AHDYDBI3gGr+DNeXJenHfnY9ZacoqZffAHzucPfDaWSA==</latexit>

Loop
<latexit sha1_base64="OVJTgvU4yYJEiULSWsc/AaoGE3s=">AAAB63icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWgZtLCwimAckS5idzCZD5rHMzAphyS/YWChi6w/Z+TfOJlto4oELh3Pu5d57ooQzY33/21tb39jc2i7tlHf39g8OK0fHbaNSTWiLKK50N8KGciZpyzLLaTfRFIuI0040uc39zhPVhin5aKcJDQUeSRYzgm0u3SuVDCpVv+bPgVZJUJAqFGgOKl/9oSKpoNISjo3pBX5iwwxrywins3I/NTTBZIJHtOeoxIKaMJvfOkPnThmiWGlX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vg4zJpPUUkkWi+KUI6tQ/jgaMk2J5VNHMNHM3YrIGGtMrIun7EIIll9eJe16Lbis1R/q1cZNEUcJTuEMLiCAK2jAHTShBQTG8Ayv8OYJ78V79z4WrWteMXMCf+B9/gAPf44+</latexit> {

<latexit sha1_base64="9huySa7Vmjhja8TKIodLXIBICi8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5iEcugjWUU8wHJEfY2c8mSvb1jd08IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzTRBP6IjyUPOqLHSQz8blCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCaz/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10q5Vvatq7b5WadzkcRThDM7hEjyoQwPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB5wyjWc=</latexit>

Xk+1 = arg min
X1=1

�
KL(X||Xk)

 
<latexit sha1_base64="k6QPYxTrU4zn7H5kUtEbOWHA/kk="></latexit>

X^{k+1}=\arg\min_{X\mathbf{1}=\mathbf{1}}\left\{\mathcal{KL}(X||X^k) \right\}

Xk+2 = arg min
X>1=1

�
KL(X||Xk+1)

 
<latexit sha1_base64="QWYKY5QBmfHc9bs4+IoCbz8bb+Y="></latexit>

{
<latexit sha1_base64="9huySa7Vmjhja8TKIodLXIBICi8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5iEcugjWUU8wHJEfY2c8mSvb1jd08IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST27nfeUKleSwfzTRBP6IjyUPOqLHSQz8blCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCaz/jMkkNSrZcFKaCmJjM3yZDrpAZMbWEMsXtrYSNqaLM2HBKNgRv9eV10q5Vvatq7b5WadzkcRThDM7hEjyoQwPuoAktYBDCM7zCmzNxXpx352PZWnDymVP4A+fzB5wyjWc=</latexit>

Loop
<latexit sha1_base64="OVJTgvU4yYJEiULSWsc/AaoGE3s=">AAAB63icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWgZtLCwimAckS5idzCZD5rHMzAphyS/YWChi6w/Z+TfOJlto4oELh3Pu5d57ooQzY33/21tb39jc2i7tlHf39g8OK0fHbaNSTWiLKK50N8KGciZpyzLLaTfRFIuI0040uc39zhPVhin5aKcJDQUeSRYzgm0u3SuVDCpVv+bPgVZJUJAqFGgOKl/9oSKpoNISjo3pBX5iwwxrywins3I/NTTBZIJHtOeoxIKaMJvfOkPnThmiWGlX0qK5+nsiw8KYqYhcp8B2bJa9XPzP66U2vg4zJpPUUkkWi+KUI6tQ/jgaMk2J5VNHMNHM3YrIGGtMrIun7EIIll9eJe16Lbis1R/q1cZNEUcJTuEMLiCAK2jAHTShBQTG8Ayv8OYJ78V79z4WrWteMXMCf+B9/gAPf44+</latexit>

X^{k+2}=\arg\min_{X^\top\mathbf{1}=\mathbf{1}}\left\{\mathcal{KL}(X||X^{k+1}) \right\}

f1(x) = KL(Arowsx||1), f2(x) = KL(Acolsx||1)
<latexit sha1_base64="2HEHePtKCZJPBX2bLw76bS48xng="></latexit>

f_1(x)=\mathcal{KL}(A_{\text{rows}}x||\mathbf{1}),\ f_2(x)=\mathcal{KL}(A_{\text{cols}}x||\mathbf{1})

min
x

n
KL(Ax||b) =

2nX

i

⇣
hai, xi log

hai, xi
bi

� hai, xi+ bi
⌘o

<latexit sha1_base64="bcuRRXeVuKjcKjaE/AmNTHdRu3I="></latexit>

\log (x^{k+1}) = \log (x^k) - \eta \nabla f_i(x^k),\ i\sim U(\{1, 2\})

log(xk+1) = log(xk)� ⌘rfi(x
k), i ⇠ U({1, 2})

<latexit sha1_base64="/4DfvjJLF1nGYwanEBcvGoLtm8s="></latexit>



Intuition
\min_x \frac{1}{2}\|x-x^0\|^2\ \text{s.t. } Ax=b

min
x

1

2
kx� x0k2 s.t. Ax = b

<latexit sha1_base64="ICfC/q3Rw6XNu5Xc1zMfuU4RAmM=">AAACGXicbVDLSsNAFJ3Ud31FXboZLIIbQ1IF3QhVNy4r2FZoaplMJzp0MgkzN5IS8xtu/BU3LhRxqSv/xulj4evAhcM593LvPUEiuAbX/bRKU9Mzs3PzC+XFpeWVVXttvanjVFHWoLGI1WVANBNcsgZwEOwyUYxEgWCtoH869Fu3TGkeywsYJKwTkWvJQ04JGKlru37EZTfDfqgIzb0irxb+XbabXbn+3VXVxz6wDHLtgIMLfJwdBV274jruCPgv8Sakgiaod+13vxfTNGISqCBatz03gU5OFHAqWFH2U80SQvvkmrUNlSRiupOPPivwtlF6OIyVKQl4pH6fyEmk9SAKTGdE4Eb/9obif147hfCwk3OZpMAkHS8KU4EhxsOYcI8rRkEMDCFUcXMrpjfEZAQmzLIJwfv98l/SrDrenlM936/UTiZxzKNNtIV2kIcOUA2doTpqIIru0SN6Ri/Wg/VkvVpv49aSNZnZQD9gfXwBQlufzA==</latexit>

xk+1 = ⇧hai,xi=bi(x
k), i ⇠ U({1, . . . ,m})

<latexit sha1_base64="XM6jlY+f0D2EQCvJuvbidAldNzk="></latexit>

x^k \in x^0 + \mathrm{Range}(A^\top)

x^{k+1}=\Pi_{\langle a_i, x\rangle = b_i}(x^k),\ i\sim U(\{1,\dotsc, m\})

Kaczmarz Algorithm
<latexit sha1_base64="6zEGuPClQWQcThz+d0skVd8kQs4=">AAAB+3icbVA9TwJBEN3DL8SvE0ubjcTEitxhoSVqY2KDiXwkcCFzywIbdm8vu3tGuPBXbCw0xtY/Yue/cYErFHzJJC/vzWRmXhhzpo3nfTu5tfWNza38dmFnd2//wD0sNrRMFKF1IrlUrRA05SyidcMMp61YURAhp81wdDPzm49UaSajBzOOaSBgELE+I2Cs1HWLd0AmAtQEX/GBVMwMRdcteWVvDrxK/IyUUIZa1/3q9CRJBI0M4aB12/diE6SgDCOcTgudRNMYyAgGtG1pBILqIJ3fPsWnVunhvlS2IoPn6u+JFITWYxHaTgFmqJe9mfif105M/zJIWRQnhkZksaifcGwkngWBe0xRYvjYEiD2cUYwGYICYmxcBRuCv/zyKmlUyv55uXJfKVWvszjy6BidoDPkowtURbeohuqIoCf0jF7RmzN1Xpx352PRmnOymSP0B87nDwOOlGs=</latexit>

x^{k+1}=x^k+\frac{b_i-\langle a_i, x\rangle}{\|a_i\|^2}a_i



Intuition
\min_x \frac{1}{2}\|x-x^0\|^2\ \text{s.t. } Ax=b

min
x

1

2
kx� x0k2 s.t. Ax = b

<latexit sha1_base64="ICfC/q3Rw6XNu5Xc1zMfuU4RAmM=">AAACGXicbVDLSsNAFJ3Ud31FXboZLIIbQ1IF3QhVNy4r2FZoaplMJzp0MgkzN5IS8xtu/BU3LhRxqSv/xulj4evAhcM593LvPUEiuAbX/bRKU9Mzs3PzC+XFpeWVVXttvanjVFHWoLGI1WVANBNcsgZwEOwyUYxEgWCtoH869Fu3TGkeywsYJKwTkWvJQ04JGKlru37EZTfDfqgIzb0irxb+XbabXbn+3VXVxz6wDHLtgIMLfJwdBV274jruCPgv8Sakgiaod+13vxfTNGISqCBatz03gU5OFHAqWFH2U80SQvvkmrUNlSRiupOPPivwtlF6OIyVKQl4pH6fyEmk9SAKTGdE4Eb/9obif147hfCwk3OZpMAkHS8KU4EhxsOYcI8rRkEMDCFUcXMrpjfEZAQmzLIJwfv98l/SrDrenlM936/UTiZxzKNNtIV2kIcOUA2doTpqIIru0SN6Ri/Wg/VkvVpv49aSNZnZQD9gfXwBQlufzA==</latexit>

xk+1 = ⇧hai,xi=bi(x
k), i ⇠ U({1, . . . ,m})

<latexit sha1_base64="XM6jlY+f0D2EQCvJuvbidAldNzk="></latexit>

xk 2 x0 +Range(A>)
<latexit sha1_base64="6kEysvVLvwugZNZoYFFRFjD0mSs=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoCCWpgi6rblxWsQ9o0jKZTtqhk0mYmUhL6A+48VfcuFDErXt3/o2TNgutHrhwOOde7r3HixiVyrK+jNzC4tLySn61sLa+sbllbu80ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkNr1K/eU+EpCG/U+OIuAHqc+pTjJSWuubBqDOEDuVw1LHgMXQCpAYiSG4R75NJ6aLjqDA66ppFq2xNAf8SOyNFkKHWNT+dXojjgHCFGZKybVuRchMkFMWMTApOLEmE8BD1SVtTjgIi3WT6zQQeaqUH/VDo4gpO1Z8TCQqkHAee7kyvlfNeKv7ntWPln7sJ5VGsCMezRX7MoAphGg3sUUGwYmNNEBZU3wrxAAmElQ6woEOw51/+SxqVsn1SrtycFquXWRx5sAf2QQnY4AxUwTWogTrA4AE8gRfwajwaz8ab8T5rzRnZzC74BePjG5sJmqU=</latexit>

x^k \in x^0 + \mathrm{Range}(A^\top)

x^{k+1}=\Pi_{\langle a_i, x\rangle = b_i}(x^k),\ i\sim U(\{1,\dotsc, m\})

Kaczmarz Algorithm
<latexit sha1_base64="6zEGuPClQWQcThz+d0skVd8kQs4=">AAAB+3icbVA9TwJBEN3DL8SvE0ubjcTEitxhoSVqY2KDiXwkcCFzywIbdm8vu3tGuPBXbCw0xtY/Yue/cYErFHzJJC/vzWRmXhhzpo3nfTu5tfWNza38dmFnd2//wD0sNrRMFKF1IrlUrRA05SyidcMMp61YURAhp81wdDPzm49UaSajBzOOaSBgELE+I2Cs1HWLd0AmAtQEX/GBVMwMRdcteWVvDrxK/IyUUIZa1/3q9CRJBI0M4aB12/diE6SgDCOcTgudRNMYyAgGtG1pBILqIJ3fPsWnVunhvlS2IoPn6u+JFITWYxHaTgFmqJe9mfif105M/zJIWRQnhkZksaifcGwkngWBe0xRYvjYEiD2cUYwGYICYmxcBRuCv/zyKmlUyv55uXJfKVWvszjy6BidoDPkowtURbeohuqIoCf0jF7RmzN1Xpx352PRmnOymSP0B87nDwOOlGs=</latexit>

x^{k+1}=x^k+\frac{b_i-\langle a_i, x\rangle}{\|a_i\|^2}a_i

xk+1 = xk +
bi � hai, xi

kaik2
ai

<latexit sha1_base64="ZqRK8QY/4JFXWH8vRZaPtEpn8cU="></latexit> x^{k+1}=x^k-\eta \nabla f_i(x^k),\quad f_i(x) = \frac{1}{2\|a_i\|^2}(\langle a_i, x\rangle - b_i)^2

xk+1 = xk � ⌘rfi(x
k), fi(x) =

1

2kaik2
(hai, xi � bi)

2

<latexit sha1_base64="YjljNiGwU77tELO257/sOgm4Iss="></latexit>



Sinkhorn Algorithm
a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

f1(x) = KL(Arowsx||1), f2(x) = KL(Acolsx||1)
<latexit sha1_base64="2HEHePtKCZJPBX2bLw76bS48xng="></latexit>

min
x

n
KL(Ax||b) =

2nX

i

⇣
hai, xi log

hai, xi
bi

� hai, xi+ bi
⌘o

<latexit sha1_base64="bcuRRXeVuKjcKjaE/AmNTHdRu3I="></latexit>

\log x^k \in \log x^0 + \textrm{Range}(A^\top)

log(xk+1) = log(xk)� ⌘rfi(x
k), i ⇠ U({1, 2})

<latexit sha1_base64="/4DfvjJLF1nGYwanEBcvGoLtm8s="></latexit>



Sinkhorn Algorithm
a_i = (0, \dotsc, 0, \underbrace{1, \dotsc, 1}_{i-\text{th block}}, 0, \dotsc, 0)t

a_1 = (1, 1, \dotsc, 1, 0, \dotsc, 0)

x=\mathrm{vec}(X)\in\mathbb{R}^d,\ d=n\cdot n

f1(x) = KL(Arowsx||1), f2(x) = KL(Acolsx||1)
<latexit sha1_base64="2HEHePtKCZJPBX2bLw76bS48xng="></latexit>

min
x

n
KL(Ax||b) =

2nX

i

⇣
hai, xi log

hai, xi
bi

� hai, xi+ bi
⌘o

<latexit sha1_base64="bcuRRXeVuKjcKjaE/AmNTHdRu3I="></latexit>

log xk 2 log x0 +Range(A>)
<latexit sha1_base64="p8hZ9mroqLQt8HxVvHELXszUnAQ=">AAACF3icbVDLSgMxFM34rPVVdekmWARFKDNV0KWPjcsqVoVOLZn0toZmkiG5I5ahf+HGX3HjQhG3uvNvTOssfB24cHLOveTeEyVSWPT9D29sfGJyarowU5ydm19YLC0tn1udGg51rqU2lxGzIIWCOgqUcJkYYHEk4SLqHQ39ixswVmh1hv0EmjHrKtERnKGTWqVKKHWX3l71aCgUzR8+3aIhwi2aODtlqguDjYOrEHWy2SqV/Yo/Av1LgpyUSY5aq/QetjVPY1DIJbO2EfgJNjNmUHAJg2KYWkgY77EuNBxVLAbbzEZ3Dei6U9q0o40rhXSkfp/IWGxtP45cZ8zw2v72huJ/XiPFzl4zEypJERT/+qiTSoqaDkOibWGAo+w7wrgRblfKr5lhHF2URRdC8Pvkv+S8Wgm2K9WTnfL+YR5HgaySNbJBArJL9skxqZE64eSOPJAn8uzde4/ei/f61Trm5TMr5Ae8t08RKZ6g</latexit>

\log x^k \in \log x^0 + \textrm{Range}(A^\top)

Arows, Acols 2 {0, 1}n⇥n
<latexit sha1_base64="phf01cT6Te9ML9KHEpgLes1AXwY=">AAACJnicbVDLSgMxFM34rPU16tJNsAguSpmpgm6EqhuXFewDOrVk0rQNzWSG5I5ahvkaN/6KGxcVEXd+iuljUVsPBA7n3MvJPX4kuAbH+baWlldW19YzG9nNre2dXXtvv6rDWFFWoaEIVd0nmgkuWQU4CFaPFCOBL1jN79+M/NojU5qH8h4GEWsGpCt5h1MCRmrZl1etxAP2DCpIVPik0zSPZyQTYCTscYm9xMlj10sfEukBD5jGMm3ZOafgjIEXiTslOTRFuWUPvXZI44BJoIJo3XCdCJoJUcCpYGnWizWLCO2TLmsYKonJaSbjM1N8bJQ27oTKPAl4rM5uJCTQehD4ZjIg0NPz3kj8z2vE0LloJlxGMTBJJ0GdWGAI8agz3OaKURADQwhV3PwV0x5RhIJpNmtKcOdPXiTVYsE9LRTvznKl62kdGXSIjtAJctE5KqFbVEYVRNELekND9GG9Wu/Wp/U1GV2ypjsH6A+sn1/jBqaZ</latexit>

Xk+1 = diag(uk)X0diag(vk)
<latexit sha1_base64="Df0kCu4R9WDyMRmX+ustcpWw2ig=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARKkJNqqAboejGZQXbBtq0TCaTdsjkwsykUEIfw42v4saFIm67822ctFnY1h8Gfr5zDnPO78SMCmkYP1phbX1jc6u4XdrZ3ds/0A+PWiJKOCZNHLGIWw4ShNGQNCWVjFgxJyhwGGk7/kNWb48IFzQKn+U4JnaABiH1KEZSob5+afVS/8Kc3HUDJIc8SF2KBpNK0vPPrZ6xCEcK9vWyUTVmgqvGzE0Z5Gr09WnXjXASkFBihoTomEYs7RRxSTEjk1I3ESRG2EcD0lE2RAERdjo7bALPFHGhF3H1Qgln9O9EigIhxoGjOrNNxXItg//VOon0bu2UhnEiSYjnH3kJgzKCWUrQpZxgycbKIMyp2hXiIeIIS5VlSYVgLp+8alq1qnlVrT1dl+v3eRxFcAJOQQWY4AbUwSNogCbA4AW8gQ/wqb1q79qX9j1vLWj5zDFYkDb9BZvKoCA=</latexit>

X^{k+1}=\mathrm{diag}(u^k)X^0\mathrm{diag}(v^k)

log(xk+1) = log(xk)� ⌘rfi(x
k), i ⇠ U({1, 2})
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