Sinkhorn Algorithm as a
Special Case of
Stochastic Mirror Descent

Konstantin Mishchenko,
KAUST

King Abdullah University of
Science and Technology



Problem 1
Let X & R’_ﬁi”

Find vectors u,v € RY such that

W = diag(u)Xdiag(v) is doubly stochastic



Problem 1
Let X & R’_ﬁi”

Find vectors u,v € RY such that

W = diag(u)Xdiag(v) is doubly stochastic

ZWU =1 for any j

1=1
Wij > ()

ZW”U =1 for any 7

j=1



Problem 2

min CiiXii st. X1=1,X'"1=1,X>0

( doubly stochastic )




Problem 2

min CiiX;i st. X1=1.X'"1=1,X>0

min Z (ngij -+ ’}/Xw lOg Xz]) s.t. X1 = ]_,XT]_ =1

X eRnxn &
1,)=1



Problem 2

XERan

min ) CyXi; st X1=1,X"1=1,X>0
i =1

n

j CiiXii +7vXiilog X;) st. X1=1,X"1=1
XgIlR%Io?XniQZ::I( i Xij +7Xijlog Xyj5) s

min KL(X||X?) st. X1=1,X"1=1
XGRan

C
where X0 &' exp (——) coordinate-wise
. Y
def

X,
CL(X]1X%) €37 (X108 T — Xy + X))
ij

1,7=1



Problem 2

min CiiX;i st. X1=1.X"'"1=1,X>0
XeRanijZ:]_ J J -

min Z (ngij -+ ’}/Xw lOg X@j) s.t. X1 = ]_,XT]_ =1

X eRnxn &
1,)=1

min KL(X||X?) st. X1=1,X"1=1
XeR’an

C
where X0 & exp (——) coordinate-wise
. Y
def

X,
JCE(x||X°) €3 (X108 T — Xy + X))
ij

1,7=1



X1

Problem 3

r=vec(X)ERY d=n-n

a1:(1,1,...,1,0,...,0)

1—th block



X1

Problem 3

r=vec(X)ERY d=n-n

a1:(1,1,...,1,0,...,0)

1—th block

same for X '1 =1



X1=1

min{KL(Az]) = 3 ((0:.2) og 4

Problem 3

r=vec(X)eRY d=n-n

a1 = (1,1,...,1,0,...,0)

1—th block

same for X'1 =1

2n

bi

1

(ai, z) + bi> }



One method to solve them all

W = diag(u)Xdiag(v) is doubly stochastic

1. Normalize all rows
Loop
2. Normalize all columns



One method to solve them all

1. Normalize all rows
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One method to solve them all

1. Normalize all rows
Loop

2. Normalize all columns

X1=1

XF? = in {KL(X||X"!
arg min {KL(X|| X"}

X**tt = arg min {IC[,(XHXk)}
Loop{

2n

m:gn{/C[Z(Aa:Hb) :Z(m@ o <a2f> (a,.2) +bi)}

1

fl(m) — KE(ArOWSIH]-)a f2(x) — /Cﬁ(ACOISxH]-)

log(z" ') =log(z*) — nV f;(z"), i ~ U({1,2})



Intuition

1
min §Hx —2°||? s.t. Az =b

Kaczmarz Algorithm

"t =1, oy=p, (%), i ~U{1,...,m})



Intuition

1
min in — 2°||* s.t. Az =b

Kaczmarz Algorithm
"t =1, oy=p, (%), i ~U{1,...,m})
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Sinkhorn Algorithm

2n

ming KL(Ax||b) = Z (a;, ) log <a7;,'a;'> (a;, ) + b
z b;

1

fl (CIZ‘) — ICL:(AI‘OWS'CEH]-)7 fZ(ZE) — ]C[’(Acolst]-)

log(z**1) = log(a*) — nV fi(z"), i ~ U({1,2})

log " € log 2° + Range(A ")

Arow& Acols C {Oa 1}n><n

XF = diag(u®) X diag(v")
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